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def insertion_sort(a):
for k in range(l, len(a)):

key = a[%]

i =k -

while i >= 0 and al[i] > key:
ali+1] = alil
i=1i -

ali+1l] = key
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def merge(a,b):
n len ag
.len(b

m

i, j =

C:

while 1 < n and j < m:
if alil < b[3]:

.append (al[i])

=1 + 1

>

0

else:
. append(b[.])
= + |

i e
o tynil

ppe dib[j])

e

1 :
C18Cinil

d(alil)
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def merge_sort(a):

n = len(a)

if n_<3 gnog n == 1:

n /? 2

b merge_sort(al:k])
c merge_sort (alk:])
return merge(b,c)
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(OPON2 3 DY)

WD ears (2) < k2800w Ty e

ems (2M7) < 2eps (2F) + 2K — 1
<2-k-2F g2kt
< k . 2k‘+1 4 2k5+1
< (k+1) 2!

UPIINd
Dy Lk < 1g(2n) =lgn 4+ 1 w95 ,2F < 2n 1o 2F71 < < 2F-w 15 opa0 k 07p N anvhs n N nyd

ems (n) < ems (29)
<k-2F
<(lgn+1)2n
=2nlgn+2n

| w115 ,0 (nlogn) NN NN PR NPNDOY NI



YDDIAN PN NN NAY Y93 19N ANY 2 (nlogn) PHNNN DONN DX POV NPIDON DONY qI¥) DN
NI PN PN PN IPHVAR NPV DY AT 19 Yy O (nlogn) NN NN PN POV AN NNV
NP2 VNN NIPNN DY TPVIVIVONN NPIDDY DN DAV ONPXY ¥ MNNNIY NID v JAN PTN0 10 )N
PN NN 21709 DY DN SN HAR N NIPNa O (nz) NP2IO Sya XIN DNPA TN NOV PHN 1P OIPINOND)

n

Y 1 2.4
IBONIVPR XA 2.4.1

115 YD NI NOND PN DTN IR NEN PND 1T O (nlogn) NP Hya Dy PN DIPIVON NI IDIY )P0
.(Heap) Mm99y RPN 0NN MINI 0ON YIYY MYNNKRI YNINN D 00PN .(QDN PIdTI vy D3 M) Dypna
NN DR NITPY NPMIINN NPYIAD 0NN TAR NADIN 2OV H52) DIDVN SV DYMIN “O NN’ 1Y 1Y P 0N N1
AMIY NP TN VNN NIN YYD OV YNV a5V DO 1N 13 9I%0N Y5 HAN PN NIRY MIRPI YY 1Y W vyl
VNN NN VY YNV DN YIYINY YYD OV “DiPn” Y85 TN NMINNND YYD IMIN D010 WY IR ROXND 15N A
22 1A 5N
1025V NV DD DXIMIONN

DPPNNY IPINN TON NN NOINT OIN1 NNNANND DADND NI NN NP Nt 25v2a :NndIyn M2 oY .1
v O (n) PY wNT M Ad5Y ey Tina

DIPNNT NP NTHIN IDVRN NN DPIYN YNIN DAY NI TYNN DY 2 2w DINN N 25v1A D 2OY .2
n iy Ny Prom v O (logn) P DYNT DXNN2 DAIYN PPPM 1D “Nodv” .ORNNA IDIYN NN
.0 (nlogn) S¥ NP0 OYIPN DNV

TV MYSNNI NOY N8 Y 2.4.2

TPONNS NITHINA NN

2 < parent (v) ©PPRAN YNV IPRY v € T 1NI¥ 935V T2 INNWAD D1 PRNSY T Hax»2 XY XN Ay 2.10 D910

DY 9T02 OYMNN DINNNN YNV IR DN Y2 NOYN 19010 Do NN NITINN Mynvn 0191

VN VAN 12V 9N NI S TIVN OV D3 1PN NN IR NNIVNY NPON TN ,AVNNA 07T DOV DINY IN»D NN
OV NN DN a9, 417) Gz PV @ TMIND DY DMIAN 1 N2 OINYA YY OV N¥» MN3A (aq, ag, ..., a,) TIVA OY
Qg N a; NN

TION) AVUNN TIP 1IN IYND D)7 ,ap™0 N a1™n TIYHN DX NONNN ,TaY 119000 J0YNnY 1TV 15 DY)
.0 DPTYND DONNN DIIYN DO5 AT 1OV oY v NTINA DNYNND

M PNPIVDIAND NN YNID T MNAN NPEPNNA wpnwnd 551 Python nava

def left(i): .
retur .3*1 + 1
def right (i
return 2*%i + 2
def parent(i):

return (i;l) // 2

O O N

MY NN LYo MOYN NX IRND AN ,HUND) DIPININRND YVIPNI YNID JNNIY NPSDDVINN IND D8N DN
YNANNDY PYIN NN DPONDN NON (NP0 DY shift MDye 0 272 PN N 272 D95 YYD 75 ,MTNA ND Dy
INNY DNPINORN

998

DN ORAN DIDNRN MY XN DY NNIYNRIN NAIVN NIN TIVNL PNYRIN TDNRD 7D MINPHD DIYn ,MIRID IV 295
TN AN POPI OX 329 .TIYNI DININND DIDND ¥ 0T DY MINPN XY NNINRD NAOWN .ANON 1D ,INAN N2AOVN
MM 2OV DDVND DIN TIVAN NOD 1Y) IWND [, TYNND O WY YYD 1YY NIDNA NVAY 727D T IR
LONNNA NIYN NN POPN



.DYY VYN AN YY NIPI ,ANINNRD YOIN VIO MNIN MAOYN DOV TO ORI MOV MNIAY MINYI YY

MYN NNON Yy NvnNY  2.4.3

0N IYN DY ONYNIN 7IAN 25V D) .20 D)) NIIYA NMIX DD T 0TI NINNY ANINN NN “Dnayn nnon”
TMIYARN POIN DYND NPPN NNV INIY “NMIPNN“Y MPNPNS PP DY 1IN D00 JPNN TNND DIDNRN NIRNIN 25V
M) DY ,INY DTN 12N OY GOMN YYD 2DNPI 19N YNIAN 1D 7Y OV 11PN .20 TNND JOPp 1OV vNvniY
YY) NIV TY DIYN TPNNND “yayan” Nndayn SV OMNMPNn YYD 1N NMIN )3 MR DY IIYNTRN NN JpnD
,0 (logm) XN YYD PRIY DNNY 7 DY YWY NPON .ADIDN PN NN PNV J9IND T 1 YN 1T XN 1Y DIPna
JPORY I8P NN D “9aya“n 25w

INAN NN NN PNPN9N NN wony Python nava

1 def heapify(a, i, n):
2 children = []
3 left_child = left (i)
4 right_child = right (i)
5 max_child_value = None
6 max_child_index = None
7 if Jeft_child < n:
8 max_child_value = al[left_child]
9 max_child_index = left_child
10 if right_child < n and (max_child_value is None
or max_child_value < al[right_child]):
11 max_child_value = al[right_child]
12 max_child_index = right_child
13 if max_child_value is not None and a[i] < max_child_value:
14 al[i], almax_child_index] = max_child_value, ali
15 heapify(a, max_child_index, n)

D281 DNINY DPIYN"NN YNIYA RSOV NNINND DY ¢ OPTYNRN NN ,a TIVHN DR :DVOP NVIYY NYaApNn 8pnan
NaVIaN 57a00) TIVN HY TNND NN TI912 YaAPYH TNN YYD 7772 PN Python nava .nmeayn Sv n 5700 NNy Jpnd
,N012) TIYNN D521 NWHNNYN APR NDPIYNY 1IN SNONN NIPNA ONX NINN NN NN len(a) rxpnan » (Gwnd ,C
N2y 1N 1NN DIVY DIDNM 1N 2DV DADNRN P TIVHN NOAY 7P PYIN

NRMPY (1OON 023N PN D10 NMIND P NNIND DY D)AN DY PA) MNNVYN PNV ANPN Y30 NYNIN NpNon
2 - h(v;) T Yy NOYNON IMDN TPXPNSN NPIVOY TD i YW 12 NIN DY YIIWAY YYTNN NAY NPDONPI NNNYd
A9V WNWA KDY ;7Y YYD PmY XN R (0;)7) 8 NI TIVNA 1DV DPTYRIY YYD IIND NN v; TURD

My nMa 2.4.4

heapify N w93 nmiy 93 Y1 AYANNY POIN ¢ TIYHN DY NAYY NV NN NIDIY NI heapify mspnsn yn»na
DN DY NMIN DDYaN NN AWNRD cheapify DY MDD nNIN OYPRN TRV NYVIAN NONNND MONN IaYHNN  INNA
DAY 9325 0N 1 HY DINYNTINNY N NVIN

75 AN Nt Python nawa

1 def make heap(a):

2 n = len(a)

3 for i in range(n—1, —1, —1):
4 heapify (a, i, n)

;N TYNN 9910 RY 0 = — 17D Nyann By MY MIN Dvn —1-N) i =n — 1,...,0 DXOON Nysann 3 Nv1a XD
(995 1 POIND OIPNA PNIVN YD1 TN 1 PNOND WY AN YN —1-M

,O (logn) > Sy nmon Nov NP212°0nv heapify=> MNP NYNANN DYS Y521 DMYS 1 NYNINN INIONY 11N
NP MILP NN 2D N AN PR M) ,NwYNd Yar .0 (nlogn) MNad NN make heap N30 > MINAY P
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.0 (n) »n make heap nv>12>v 2.11 vown

929V NN ,0NNN MINS TPONININODPN N2 ¥ TD ,NMAY INY NN NAOVYY DDD .MADYI YYD 217179 NN NN NNann
wa i 2P < < 2F-w 75 anva Yopn oyavn 190nn kR VA0 7 939 A LIMynen nom) Ny
AnYn 939 NNy 28 w itn naowa i =0,1,...,k T Sy 190mvw .Maov k 4+ 1 v Dnny n 0y 09Y DyNd NI
K — 4 20 nnam
27 Yy MMon make heap Ny212>0w 75,2 A (v;) 7T SY PRIV 295 NMDN v; MY 9D heapify nrm0 Ny>

k
D 2h(w)<2) 2 (k- i)

veT
k
=2 j-2¢
j=0

L

MPTNN N0 NNNN NOYNI YHNWNS 110 T OWH > j=0 37 DN DIDND N¥)

o0 (oo}
g jrt =« g gt
=0 i=0

!

oo
x E xz?
j=0

() i

yon 2542 »p Sy nmon make heap NY,M2OVW NON 'Zf:o 2% < Z;’io 2% =20z = % 1N ON

| .0 (n) ®n make_heap n,2°0w nop 8n > 2k +2-y

19D YA Yy 2.4.5

YMNVN NN D1aY0 DTS 7 — 1 TUNa N,y DN 29N NI INKY NIy 10 Ny8av Midnn NTay NN
Jheapify natya nMIN ©IPNM 172 2IYN ST AN DYOPN 1PN DIVY TIYNI PINKD KNN ON NV
75 AN MPN NP Nava

1 def heap sort(a):

2 n = len(a)

3 make_heap (a)

4 for i in range(l,n):

5 al0], a[n—-i] = a[n—i], a0]
6 heapify (a, 0, n—i)

(171 DIVY VRN NP DITHIN) DIYN YN ADRD PA NAONN NYNANND 5 DY NP NN 3 NIV IND
1O9 N5V YNV SNN) IYN PPN YNIANN 6 NIV NN DIVY DN PIAN NP NTHN OPTIND DY VDN P
PPNPNAY 92NV N — 17N 199) ORNNA DTV DTV ,IPNPNAY 1Ay 07N
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.0 (nlogn) o0 Ny 1N S¥ NPY2O1ON 2.12 VYN

199 heapify Y moyan n — 17y make heap Y¥ nr>1220n1 N25m DAY 1PN OV NPNIDON NN

cHEAP sORT (1) < cMake HEAP (n) + (n — 1) cHEAPIFY (7)
<O0(n)+(n—1)0 (logn)
< O (nlogn)

NaAn Nrya 2.5
N1an  2.5.1

DNYY DIPNHN 29 HY DNNY DNYYD DIDR NINND P NOR 091D NN PO TNN 1D PN a DY JNYNa onyd
LNPMNNN NV NYRIN DIPNI RY¥NIY) NHDPYIL DPNN FDRN N NPDDIN MNDNTH VIOV .NPNNN Ndwia
NXYIN YNNI R¥DIY) DOWIN DV IPSHM (NIMNNN MPYID NINKRD DIPNI RNNIY) NDPYIL O00PNN TDND
L(nynn

Sy PNITO DY N NPYIL NYRIN ADRD NPNY DNPPNN IR DONNND DIV PIY NN DI NINONN
DPPY NN NN¥A WTND DNPPND TN NN AN JOP TR NPPYID RY¥NI DX .0WP»NY IDNX D5 0NN YN
LDMOPN NRNND NIAY TAY DT DNINONY NIV n— 175

NP0 NNXVIN NN PND I )2IND NPMINN XD PYID JPSN NINND TN NI MND N2 NN DIMYY
PN DR NINDY NP A9 NN DIWad 1T ARV 29D TN ,IDIVIN YNNI DR IR 1T O (nlogn)
RN IR NN 1 0 < k< n—1 535 n 7N Dowa 995w IR T RD TN R e .0 (n) Nyyoa
nwn 30n AN 959 YA IN NMNNN NYYIL 2TETN D1PNa

DOV NILNN DX TN PTI)

(o) < - < Qr(n_1) ;T € Sp NN NNON OY a = (g, ..., ap—1) NITO PN APHAN HYYA 2.13 711N
TN

sel (a, k) = Qr(k)

owno
sel (a,0) = mina o
sel (a,m — 1) = maxa e

YIN NIAY YN @ DY PPHYN IPSNN T DN TIRD NPYIN DN) sel (a, ng) nYND TN a YV 8NN e
lag MNM (ag, ay,as,as) NIPMMNN
) )

OMINMYND NN 2.5.2

MY NIAN NPYIN DY YPNNN NP D900 IP” NINY £ € @ IDN R8I iPYION D2 (1O NPI 7PNN DOV NOWN
DPNA ARV I Lk PrTa RN c YTOVW R OR d={a; €a|a; >z} e={a; €a|a; <z} ,0VIN DN
5T ONY ¢ TINA DPDONPI VIDNN NN TYNNY VAN k70 9193 ¢ DT ON )IN»0Y 2 NPND NN NYMNNN mvwia k
TPMNN NN MIVP P’ d DN ¢ DIV 1D NN AN £ IDNRND 7Y D .d TN VISNN IR TYNND AN k™ n yop ¢
JPINYD NYOIDD DAPY 21D PraUn M ,a™Y oA

:DIDR IWNIN DY MITOD a NR DPYNN ,TPYNRI )IYUNT VINI IMDP N¥P TINTI T IR ORNIN DAY TITH

Fl = (ao, ai,az,as, CL4)

Fy = ((l5, ag,ar, as, (19)
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LN AWNNN MNS 0) D035 I Fy NNINKRND “Pmownn“nwd (Fy, Fo, .o Fp D970 nhapd Ty nndon o,
t=[%] oopnm

b= (by,...,by) MW HAPI .NPYW NN NOY PINN NN NINND 10 1991 AP DR 0D I 1D dwnn Y
YYD NN 102 170 ROV 759 25 DOWI NN DDOYIN DY IPNNN NPNY 1OV £ NN N2 .NPYWNRNN DY Y DIPSNN YV
ONPI NIPY ,NNT NNN .DADND WHN M2 MNYYIN OY NYYIY D109ND Tida ,nYY JP8NN IR NINND > w0
O YA DAVD 2T 1OV VIDNN NOYY

172 N MPN PP Nava

1 def select(a, k):

2 n = len(a)

3 if n = 1:

4 return a[0]

5 b = [find_median(a[5%i:5%x(i+1)]) for i in range(math.ceil(n / 5))]
6 x = select (b, len(b) // 2)

7 ¢ = [ai for ai in a if ai < x|

8 d = [ai for ai in a if ai > x|

9 if len(c) = k:

10 return x

11 if len(c) > k:

12 return select (c, k)

13 if len(c) < k:

14 return select(d, k — len(c) — 1)

:NDON Y Yy ooann find _median Sv 135V Vi IWND

1 def find median(f):
2 insertion_sort (f)
3 return f[len(f) // 2]

A0V DNAPN MLV DY NNV XTO NN ;DVIPN DY MPPN NPXTI 12 PN IIDVNN PN TPnY 7o 20 oW
:select YV Tipn NN DMVIS NN

k5% 1o9yD avp 02 NN IMINY T2 YN Y2 TV DY NSPN NIPn P72 3 0w e

Y NN DV JPSNN DR RN 0NN TANR 9D NIAY 5 5TN DIIYNTNN DY NITOY TINN PONNn 5 17wl e
b DIVNNN NYYWA NN NIRINN

b WA SV 2 P8R IR 2WNY TN Yy select™S MONPI DNNP 6 NMVA @

N9 NN YA M a25Y) INRANZ TN DN DILPN DIDND TINN ¢, d DOIYNN DN 778 MW e
(NTTa NP0 DIPNA a YV MPPID Y DY ,MII0N

N ,C TN NINY IN T NIAY IN) 27k NN DY DIPNn 1200 0»IWANAD DPHRn NVDY 0PTa) 9,11,13 MTva e
LDORINN TIYHN NAY select™S MDOMNPI MNP NYSIANN XN DIV DR ONAY 0PN .(d TINa Y

NP0 MmN 2.5.3

SV JPNNN INND LNPDONPI DO DNPOYY D¥IIYNN DT DY DON NNONNA NXIN select ¥ NP1220N0 MY NNann
DN NP T DY M IDON MNIAPN ¢, d DV 19T DY MY 11 N YIAN ,[g} ST TIVA DY NYNANN 5 1A b
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DADNAN TAX NPNY 2 NN MYV NPIY MIVONN NNPP NO DNN 1NN D91TN DNOPY DIDNA INY PIPa) 2 T2
28y AN d 199 TIyNa 0IVPN
INAN YLD IRINDY 29D KD NN NIVNN

lc|,|d| < % + 6 07pn select YV 778 MMWA MYAPNNY ¢, d MNAPN YT N |a| = n OX 2.1 MYV

W v n = 35 YV O0IPNPN NIPNRN DY YONDY  LIPINNRNDY PYRIVIND N ,MYON DN PONM NONY )aD
970N 29 DY MATMDN MTNYNY T2, MNP 5 ¥ MTINY NN JMN N .DIDN DWwNn Sv mxap |b] = 5=7
.6 1Y b DY PINN NN DY IRNINN ~ 2 NN 19702 NONAN NTIPIN L(PYNIRD NNYN) b OIPINN NP

d

C

95 ,TPUNT .27 DIV DY MINTIZ I DY I ,c7H D2O»Y DY MRTIA 1Y YIPY DN DY 192N Nyd
DNOPNN 3 W AYND PP 0NN DNIVPY YO DIPSNN HY NV DIDRN DO, MY DRI PP T 999 DINAY b2 08NN
722 9O .MNAY DN 9 5APIV TD (1KY MV NN ONVPY DN W) XY NIN) OIDN 3 0NN D JPNN 971 1ONRD
VDY RO DN IV DY P TN 7PN IND DR DY MV OIDNRN NN O) W
PN NPYL ONYA DIDN DYWIHNNN THINS 91955 510y DNVN TAR - TPNI NRVANYD XOY NADN YA ¥ 5HD 19INa
[g] MNAY NI 2 JPNNY MY IN JOP NINY b 292X 1900 ,[g] NN b NNAPN DTN AN vYYON NNDINA VNN
WD NP 95 279 MV IN YOP YPINN 102w mvap [§ [2]] mned Fi, Fy, ..., F, myapn pa ev xin 1210 vive
,DN 570 MNS N9 YWY NADI NNN NP N8Y T NN NY9OY NNIAPN MIN VYN 7N DNLPY DIDN 3 NNIN

mnan 555 v 199
(531 -2) =5 (-9 =T -
3n

Jdl < I 46 oo n— (32— 6) = T2 +6 1NN 939 NN TTH DVITIY DIDRD MNOY NN 270 DIVPY DIDN
[ Jel £ T2+ 67w oy AN PO IMN

V1N NIPNA select NYNINY MNNVNN 1900 DX cggr, ()72 99) .09 select Hv Nr:12200 NN Nyd NIy
DIPAVONND 225W NN T DY cspr, (n) MR DIDM NYd .0 TN VP Yy

,AnPR 939 mnwn (5) = 10 wNT 199 5 9THNn N0 1 DN 959 M3ap [2]-5 noaon 1n y$an 5 vl e
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ANV D30 YNT Nt 2OV PN

=2n+10=0 (n)

INNVN
2N cspr ([2]) 000 939 nuNTY select™> MONPI MNP NYXIANN 6 NN @

MMYN PNV DX YNID J0)) 8 NNIVY 03 T, IINNYN 1 NYNT N NNYY 7D 270 @ 2IAN 95 NN DNYN 7 Nv1 e
N O (n) MDY YR MY NIPN 932 .(MPWN MY TNKD TIynn Sy THN 12yna

Pan NNN P MNNIYN CSEL (% + 6) NP D59 NYNTY select™H NYVONPI NP NYNANN 1471 12 MW e
.0y Y01 y8anno Nv1? 1YON MNP NV

INAN TPDOMPIN INDHN IR NP

cseL (1) < csEL ([g—‘) + csEL (?S + 6) + 0 (n)

n > 0953 cgpr, (n) < tn~w 75 ¢ Y1ap DYP 2.15 Vawn

YNNY) NYS Y10 1 939 an T Sy oon e O (n) NINY YOV cgRpr,TY TNDNA PONNY IO VAP a NP NN
.csurL (1) < tnood pspyTYRA o 6 = max {20a, csrr, (140)} T Twnna wnn 1200 Ppav “oop caon“a
NN NPNDONY MINID AR DNIMNOND 13201 23) cser (1) < cspr, (140) ovprn 1 < n < 140 935 ,mowunn
cspr (n) < cspr, (140) < ¢ < tn 399 (DP22200 NOTHIND NAND P NN VOPN YV NOTIN NPAT ,N9Y TPHOINN
W10
:OTIP PRIV TPDONPIN INONA WHNWN k < n 939 csgr, (k) < th™v Nndw sSpITYNa Dyd mo3)

cseL (1) < csEL ([g—‘) + csEL (?g + 6) + 0 (n)

<t|2]+t ™6+
=15 10 an
tn Ttn

< —+t+— 46t
_5++10+ +an

otn + 7t +
= — an
10

s (-2 T
=1in 10 an

:21j ey i T an < U7 i i N i 73,07
293P N PNV OND t IR YON) ?S + 7t + < 07v O7PNNY MNIN NYIANN IXIND DX D3P 0T

n
[ <
t(? 10)+an_0

(n - 70)
t > an
10

n
t>10
= a(n—m)
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MNYXIANY TO0 amY N n > 1407w MDY AWORY 5 ¢ NN NN N .E DY I1D9ya NHY NPNAN 79NN Nyd
n n
13ov Nnann 10a (nfm) < =5

[ | NN DX 0»oN Mt .20a MNad NvnY ¢ NN

DAYIIYY G2 YIN MIMINNOR 3

099 »x8» 3.1

YR Y3 WURD MAYP YV N¥ap NN BN omns Yv nxap o0 Vv 7o G = (V,E) it N2 93 0 Tn NN
NY N NXIAP INNND NP MTIPI X 1999 XY 97 X0 G OX .V 72 0Nns J0v AP MITIP) DY 1D WY TO2 NIIND
NYPN DY ND)ON NI NYPN DY DRI NNIY) NTO IR )0 8PN TMITIPI IR 9N 90 NN G DRY 912 DN

MNA N G0N YN AN AWAN  MNYPN DY 190N DPYNn Hund T qon YT Oy DYINY D911 ;DY) Tvnna
MNYPN N DINNSN NNIAP DY NPNPNI

TNO N2 MY M DX MOV WY TPORMIPIV NPN AYNND D97 DY NN NIRY PONNNN NN»D 9ayn
MY P2 INNYNL X MINKD MOWA PIDYI RO NOY DNIINOND NINND 1Y NN N8N NVY NN MN ONPN
N TIPN 2YOPA P RVANN NN’ NOW Y

E mnvpn napy V' oonnsn nap on vw mTvny opraR > oy PNy G 9Ny N2 DR

(BEFS) amaY viosn o599 3.2
DIDAN DMANYNND 3.2.1

MNON DXNNXD DWIN 1Y ITONY T NNYII XNHNNN NMINND DPYWN 90N XNNY 93 DY MY NN 2N V1PN HH0NN
NN OPNINY ONNNN DY T5 INK ,1 1NN OPNINY DXNNND DI Dy DY TPYNI PNONNNN NMININ 0NDY PNINa
SNONNNN NMINNN VYONND 2NNNY “D)” Pyn TN DIPINORD DY 2IWND IWARY Td ,NMIT) 2 NN

AYND MAIVAND 1DV NINY MIANIN TN PNONNNN NINNN DY DNNSN Y5 1) IR Avann BES msy »aa
S99 MINDNT RN ,D29D D27

NN NNV Q YN T DINNY MDY ONY PINNN DIPINORN PN Y3I Y32 051D N0 BFS Yv nbvan 19x
s € V nmiy apn omanorn Moys NYNNA IPI0) 125V ONNNN DY S 1w ,paoind DN PITYY DINNNN Y
POV DY 2y ,Q NPYIN YRIIY TDND IR RN NN P NPR Q Y DI T 51 THONI NI ,Q IR IMN D200
.Q NYYIN POY IMN 00N - Q IN ST IPRY 1OV D55 MmN nmisn Hv

275 N 0N ORN Python navwa

o,
('D
U)

s):

f BFS(G,
Q= [s]
S =l
while len(Q) > 0:

u = Q.pop (0)

for v in G.adjacency(u):

if v not in Q and v not in S:
Q.append (v)

S.append (u)

return S

= © 00~ O UL W N

o

nmx 935 omys O(|V]) y¥annd mivy 1onwnn RSN 199 932 DRNsn 95 Yy Mayd Nvy DmINOND

nvp O (JE]) by Mmayd »nwy X0 950 702 1991 00N MIDINNDY MNYPn 95 Yy 15 110w 3 Dy 121y DmIOND

IR MINIY VNN DIHN I ;ANNN D It DIINONN S 2w vin O (|V| + [E]) v 12120 9 1270 o by
ANOW ONONN S TN 0 NNV Q,.S M¥APA VIdN YNINN 7 NNYIA 1D DY
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Q01 YN D010 HNDNY 25NN DXNN) AN NN NN AR NIYD NN N MDY NPYID NP2 VIVIN NINN
DIV YR QY VINN 92D NIN ON ,(12Y NIN X)) Q7D DIDN DIV NMIND ON DNV “yay” Sund - Nmsn 0w 1ayn
SJYUNNA R YD IR (MDY NIN N QTN RXIN 92D NI DX (MON NIN TN NN XN

BEFS yy oopnan nxosn - 3.2.2

NP2 ANPN DDDNN NN ST DNOY PRIV NN 17D DWW DNNNN DY Yy Mo Y Dapd »15 BFS-2 ny> wonw)
DX 00 W s v pRnM NN d(v) w €V NN 935w 1o d: V — NU{co} ,nrepns »nv 1 19909 .s S8 0nn
215012 9y Xaw N XN 7w (v) w € V nmix 935w 1o 7 V — VU {None} mo¥pns 91,9002 .70 »¥ RO v
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20 return S
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1 def pop min(Q):
2 return Q.pop(min(range(len(Q)), key = lambda i: Q[i].d))
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1 def djikstra(G, s):

2 for v in G.V:

3 v.d = math.inf

4 v.pi = None

) s.d =0

6 S = [l

7 Q= [v for v in G.V]

8 while len(Q) > 0:
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10 S.append (u)

11 for v in G.adjacency(u):

12 if v.d > u.d + G.w[(u,v)]:
13 v.d =u.d + G.w[(u,v)]
14 v.pi = u

15 return S

210N NINRDY NOYN NN YN 1DV 25V DOV D IO 49N DNPINIRY TPONOP NNONT NI NI0DP?T OWIION
D INVAND NOR AITHN DIINVION I KD ;NNYNN NNVIAN TPITHNN NWHIN ,NIVOP?T DY NIPNI YN ININD NP2

21



DI0UPNT DNIMIIR NPIAD  3.3.3

NOONN ARNON (Q71 TTA TDR N¥IN FPYIWNND HY TYN 551 73) 8 WAV INOON HY MRN |V| y¥an omandrn
I NYIAPA G0N POMIIN 1OINN 1IN 990 ToA Dy |E| MDD 92 nvp 939 NN DYs Nyxann 11 nMmvav
199 ,|V] 59 13t T 1t NDIe 1OV 1NN VPN .9 NMMVAY DID1HNN NIRNN MO NN NIVDPPT DY NN

DION MNVYPN 1901 VIYS 912 PV DO |E| Yv 20590 2wnd O (|V|2 + \E|) =0 (|V|2) N DIPINORD DYDY

V]2 ma

O (JV]) 9¢ yat v177N 8 1MW NPIYN D732, TPUND (XAN J9IND NPIVON DX MY Q) SV NIy NIty vinm
95,7292 O (log [V]) 5v 9t ¥ TN 9 NMWa DNPYNN IRNN NV 1Y .OIPINOND NPV DY wavn NOV
(N2 OYPNN ADRN INNN INKRD YN Oy heapify yiva Sv yorn nt) nay-yna nnpby

139Y 12TYNND MVWY 13 NNV~ N TY ORI NOV NIy VidY OV 710 21 NIVDP?T DIPIVON OMN N0
,IYN TIN2 IMN ANV TDRD OX YPIAND v NMIN DN NIV WY RIN I2TD VIO LONMYN TINA R¥NIY TR DY
NYY PPN INYN IDIYY TDNRN DY DDYND wiays” > Yy DNNNA NNIYN DX JPND 10TYIN v.d 9Y 159yv
20 o3 O (log|[V]) Yv yar viv1H

O ([V]log V| + |E|log|V]) 995,00 ((|V] + | E]) log |V]) 5% n¥A yot 2030 ey » 1 Sy vinw 9ap) 9on Toa

|[E] = - »7 0P 12 mnvpn 1900 Mo 597 9w Nona O (|V|2)'b 0N dXMYNYNn MY NIN MY NN 0t

o (VI /1og V1)

NI M NN NP MY 9V 91 Q wdnd YSNNDO NMAY NIPIY DINNI MIANI YW 0T IONNY 29D
NP212°0 2NN N A0NY Y51 XY TR) O (1) P NN AN9NN MVPN MY SV NIWIYNRH NNPNHDON Nt NN 1IN
O (|V]log [V |+ |E]) ®N BDIPINORN NP TIN NN (...NIIWIWDN

DI00PNT DNIIOR MDY 3.3.4

NN NYD POIND DIVPIN NDRY MYV

w.d =6 (s,0) NN Y5 PPN G, s VOPN DY NIVDPPT DIPINON DY DPDA 3.10 Vavn

9991 v.d = 6 (s,v) DPPIN v € S 935 ,DIMORD NI DY 2DV DAY ANV APIN MYV TPSPITINI PO NN
(9 NMVY) R NIXY DYa 5511,V onny 55 NN 51995 Q SNMiND 7 nmvavw ywon Lu.d > §(s,v) o7pmm v € Q
P9 S =V onnoNn nYa 0»oav pro) (8 NNVY) P27 @ NN IUND XY DIINONM (10 NNY) S-H MK D90
IO PASY N NN NS DY myon

935,19 15 .7 19N S May N2 MYON 199 (6 NNY) S = ) DIPIIONA NI NYNNA OP NPMITYND D02
8.d=0=14(s,5) 0PI s NI v.d =00 > 4 (s,v) DPPIN sTH MVYN v € Q

5% NNRY MNYN v.d 12 TN 0PN w.d > §(s,v) DPPRN PTY v € Q MY v.d HY NPV 9IIY NN TPYND
MY QONNN XN PY) SO TrYY NmIX NN © WRD v.d = u.d + w (u, v)™D NNV NIN NIV ,13 NNV XN DINNRD
w O SN DINY 1AV S ~> u — v 990NN Spwn NN u.d + w (u, v)"W RN w.d = 6 (s, u) ,PIPITYND DNINM (10
0 (5,0) < u.d+w (u,v)"w ¥ya1 011N NN 0 (5,v) NITHIM .u — v NYPN TIT v HN DY N ,INP2 HP HYona
VUpans

DIPN Y W ud = 6 (s,u) DPPN w MM MK L(10 DMWY STY u NMI¥ DD NAY DYS DAY MININD NN
VN DNNY NIAY DIINOND N NONNA I (s, u) = 00 1991 $TH0 PW ND 1w 1AW AN w = $ 1Y N DOV
NI 0P 03 P9 v.d < 4 (8,v) 1Y AN AP MY G NIAY D1 N PN 120V 290 u.d = § (s,d) PPN
u.d =4 (s,d) D170 DN DNNY DIPINORD

SN w NDION 29Y ,10 NNV NYNNA DNINONN 2NN INIAN) .$7N NNV TN SN PV NINY 1© NNINA D90Y NN
MY 519000 TINA 0YPY N N 29WA u ¢ S 1N s € STY ON s~ w,u IN $TN ANYa Dp H1don npn S
AMEIND NN NP2 HPN MHONN MDD 272 5HON 1MIAOY NMIXD NN D) Ly ¢ STV TO PYUNRIN NN NIV Y
ST YU

TPNPITHND DNIN 1O % 2399 DYDY DINN NIM & € S7¥ H2P3 S5 TIHY IPNY 515002 PNYNIN NI NN y~Y PO
Z.d=9(s,z) Hnay nopn

Y ON SN NP2 OP D00N NN S ~» & — YTV OIN U IR STH NP OP V0N RN S A~ & — Y~ uTY PO NYD
0(s,y) =0 (s,2) +w(z,y) "W WM (u ON $1 51DDNN Y HPNLY ANV HP NYDNI IMN PHNND DD 13D NINK)

22



DN 12 NIV NP>TAN Ly 9910 PIDY DY TPNITO T2y DNPINOND 191 INKY T 10 NIWa S DN DIN z IWND NYd
PV ,ANO8N NN y.d > z.d 4+ w (x,y) DPpnn

x.d+w(z,y)=96(
=4(

s,x) +w(z,y)
5,y) <y.d

y.d=108(s,2) +w(z,y) =0 (s,9)"v T2 y.d 11PTIYN 13 N7w1a 19N
NYYHY MNYP PRI y MINN NO0NN TYNNL N8N u™Y PPN .S ~ T — Y ~> 1 NDDNA ANINN DYS 1NN Ny
N 92

yd=10(s,y) <0 (s,u) <ud

WE QWO y € S7W T y NN DINAY NPOND 9 d TIY YV AR QTN 9OWI 9 NIVAY O3 wHNw) Nyd
PYNIN IDNAY DIAP) ,DTIP NHDPY DIPNVYN IR NIVIYD Mt IR PON OX .u.d < y.d™¥ NI © KV NYHDYNN 199
N N2 PINRM

yd=10(s,y) <0(s,u) <ud<yd

[ ] VPIaNd u.d = § (s,u) ,S YN DY NDIdNN YINIY PP INOND .DIPNVY DY NWYND NN NIWIYN 9 9D

N DOPN ONYONN DX TTPN 77V NOIND VIVS XD 0 ,BFS-1 n>

W ON STN NP2 Y MYON NI NAN D10DND ,NINN o = None N $710 PV IPN v ON 3.11 Vavn

s =m4 () 5 7)o s (w) s 7)) s

] ANO MK X ’OY BES omanox Mmay 3.5 vavn 5v nncind TNy 1mT nn>inn :anmn

IRUANTTND DY AN DYPN DIIT0NN OMIMNINR 3.4
INVAN-ID9 DIINONRY N1an  3.4.1

DYPN DNYDNN NPYIL PIDYD DX DN DY PH PN TNV DOPN DNYDNN NP1 AN TN NIVDP»T DNININ
92 DNNY N 9D P a2

0 (u,v) MR w,v € V 95 M2y Ni¥nd 5pvmn 1on 93 G nyna mmn 95 pa 09pn 999onn nrya 3.12 H9710
AOPYN MY 'y 990m

P INY PIND .9 DMK DY INX DY , D0y |V] 1I00P»T DNINON DX YINY N0 INR NPIYAN NN 717
MVOP»T YV AN 20N vienn May O (|V|2 log|V] + |V| |E\) 9% N¥M

N2 MNa "IN - O (|V|3) N DY NN AT NPIDOY ORYINTTIZY DIPININI WNNYND NN NINN W)
DN PN MDD I9DN W TR ,NOOP»T DY 1N

DOPYNN DIDOV 2N DYP NI TX) 9GN3 NPOY MNYP 0PP SY iMSNIVON Oy TTINNND YTY ORI~ T e
NN AT NPV YNT TNITIOL 1N 2N DIPINONY ,NIVDP?TI WINWNY 1T KDY M 28N L0DYY Oy
DY NMA

LDMMMINONN DY NNYN I9IRN APY NIVDP?TA NN VIDIYN DYN 210 NN VY IRYINTTIDN DY D1192 NN Y0t @

MDD PPINM (NIVOPPT DY NN VIV 00N J21D)) MNY 2392 PAIYN IRYINTTIDA YNNNND TMYV 1PYIN e
My

23



INVINTINYY DNNNIR NN 3.4.2

W € Mpuxn (RU{o0}) n®0m w10 19 m3 .V = {v1,02,...,0,} 0 Ty 170 V oNNY NN 19003 DIPIDOND TN
1NN J9IND L9 DXNNY DY NTO AN 935 Hpwn mnav oYpwn Sv
0 1=17
[W]ij = w(viyvj) i # J, (Uiyﬂj) ekl
o0 i # 3, (vi,v;) ¢ B

MOV MOIND NN NNIN PN DY D € M, (RU{o0}) N¥I010 PtNNY NN DIPINORD P NNND 10y
5¥ NYTD NIV DPIHNTN DNDY NITO 2T 5y ANY Y8¥In 0MOND . [D];; = 4 (v;,v;) DPP DNIMOND DY)
N2 99N PIPYn ovpnnw 7o DO, DY D% ..., D™ myaon

NP 935 k OPTYN YA DN T2 NN DNAY 09PN NSV v; DN ;7N NV OPN 0NN DPYNnd v [D’“]Z.j
LAPINKRM PYNIN VYND 12 DNNNN DD ON D1VDN SV 0”20 XNNY)

ANPa Ypn Y9DNN DN :AINAN MNAND MysnNa 2DFL inn DF nxoawnd 1o DY = v minay Yp
.[D*] = [DFL] 5 TNL,DPPI IOIY NN v AN 9N KD kNP 930 OPTIN HY1 DN %W D710 NNYY U5 DN v; 70

:DPON NVIDYY 100NN NR D¥AY IWANY ,NNK OYS P IMN D103 NIN IR v DR 9915 15 510000 ON

vy P g 9y

WO NP YO k— 1 OpTYN YA 0N DNYY 02320 SNNK YD 199 v NNINA DVNNYN BPR p, ¢ DNYONNIVY T
Ve U IR 170 :DETL-5 935 oo»wn Anra oYp 09Yon Y I M) vi"1 YINY VYWY INYa Ypn 9onny
M NIPNI 0PPNN MDD v, ON

[Dk]ij = [Dk_l]ik + [Dk_l]kj
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[Dk]ij = min { [Dk_l}ij J [Dk_l]ik + [Dk_l]kj}
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1 def floyd warshall(W):

2 n = len (W)

3 D = [[W[i][j] for j in range(n)] for i in range(n)]

4 Pi = [[1 if W[i][j] !'= math.inf else None for j in range(n)] for i in range(n)]
5 for k in range(n):

6 D _new = [[D[i][j] for j in range(n)] for i in range(n)]
7 Pi_new = [[Pi[i][j] for j in range(n)] for i in range(n)]
8 for i in range(n):

9 for j in range(n):

10 if D[i][j] > D[i][k] + D[K][j]:

1 D_new[i][j] = D[i|[k] + D[k|[]]

12 Pi_new|i]|[j] = Pilk]|[]]
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13 D = D _ new
14 Pi = Pi_new
15 return D, Pi
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1 def build_W(G):

2 n = len(G.V)

3 W= [[0 if i — j

4 else w[(G.V[i],G.V[j])] if (G.V[i],G.V[j]) in G.w
5 else math.inf

6 for j in range(n)]
7 for 1 in range(n)]
8 return W

INYIMNTIIT DNINYN DY NI NPNO M 3.4.3

[V | N ym nnX 55w (5,9,10 MANY) MDD V1YY HY N1PP Y8IN NIN GTIND D0V ORYINTTID DIPINONR NP0
.OTIP MINNY 792000 NN NONI9NMY 1OV MNDIN NN Nay) .0 (|V|3> NI DY NI PV O DTN

D],

g = 0 (v, v) PRYIM™TTIZS DNINOR NYI OPDA 3.13 VawN

N7MVAY RSN SV MOYaN k£ INNY NYapnnn Navnn N0 DF ON ANy Nptn myo mwSpITYND o) 1IN
W LETD 5T OPTYN 20y 071 NN TIT I IPNY v ON ;T NP OPn 00NN Spwn NN [D’“]ij N5

.DPP IR MY 91PN DX [D’“L.j = 00"V

DYY0NN 1PN kD 91T OPTIR Yy X N 95 {v1, ..., Un} NI I0PTIN 9NN N0 pron Lk = 0 My
AN (G = WUND P7) 0 TIND DN 0N PNAYNI OONAY v ON ;70 DTN

NP OR v; — v; NN 2D0N PN 0 WPYNY >IN 919000 NN 099D MNYD v; 7N ODDNN IN ¢ = j DN
SPYN 199 OOUDN NI M 200NN DPYn POV SPYN OY DOIYN 92 PRY DNINY NPON INNY OX v;7N NYp
(build_ W ommona 3 nw) [W],, = 0 omx .0 X0 Inra Hpn 915000

VPYNY v; — v; 219000 NINONXINN NN 07PNY v; ON v;70 TN 000NN IN v; — v; NYPN NP 4 # § DN
595 90N DYP NI N v; — v; NYPN Nn»p XD OX L(build_ W omanbNa 4 nTw) [W]ij'b MY PR N w (i, 7)
(build_W omamona s nmw) [W],; = oo 1om

OPTYND 0210 0N 12 07PN MNNSY v IN 1,70 21D0N O”P KD ON .ONWOD 4,7 P> 7PSPITYNRD TY8 ON NIy
TPNPITIND NNIN 29 SYY T k£ — 1 9NN Y55 DPTINN D2 ONNY NIAY D) M DI1DDN 0»P KD VI IN k INPN 9OH
k —1 7y oopTyNn ‘NN DX DNYPRY v; IR Up70 U ON v;70 D) DPPY J10N» NO 9001 .[D"“l]ij = 00
N [D"?*l]ik = 00,70 .k MAY DOPTINN NN NN DPPNY v; DN ;70 200N 2N D00DNN MYV D
6 NNV NDYNN 29 591 ,07PIN PR 10 1WA NN 195 L[DF ]+ [D’“*l]kj = 0o NIPN YO [D’“*l]kj =00

7

WATH [D’f]l,j = [D’“—l]ij = 00 Y1)
v ON .k 9nrn 525 DOPTYN DY v; ON v;TH NP Opn 200NN NN NP D 500N DM 0D Nyd M)
[DF], | < o7pm naona m 9500 Spwnd M [DF], | mSpTeRn nhn 0o Yy i M 919001 wom KO

ADF L [Dk‘l]kj DOPYHN *oy2 DASDHN MW MYIVD YAPTP ANPA Hpn oonn Nk, (D] + [Dk—l]kj

VAT [D’“]ij = [D’“*l]ij 52PN Mt NIPNA DY DPPNN K 10 NNWI ININN 129

25



DYan Ny 12 Wam vy ON ;P v ~9 vy 1 215002 1AM NP DPN 510002 Yo 10 v NN NMYD DN
52P5) 190NNN 2NN DR POND IWIARY T '0W SPwn MOy DXoHYN 92 PR IOV NNINN 29 DY ,20pN I8P It NNN
NN ©N”YPN p,q 192 DNXR DY PYTI WM v DNPOY 215002W NIND I 192 ,(INY 5P IN) DPYn IMN 0y 100N
DMoN1 DMK PHNNY Wer N NN [DFH] [D’“l]kj'b MY 09PYN NN k — 1 911y DOPTYNA NN
.y odp
k—1 k—1
ij [D ]ik + [D ]k:j OR -, 1Y
k—1 k—1
w1 [DFH L 4 (DR
DYPIPY oY D1NN 11 1MW NHYNM SYay 15 10 NYWA NINN [D’“—l]ij > [DFY . +[DFY g TINE TIOYD O

" RURR % ,[Dk]ij = [DF1],, + [Dk—l]kj

(DY), = [DF]

y = 93py Yyoy XY 10 NMwa Nnn . [DFT

1j

kj

DN RINADD D) NROX NP2 OHPN DNODNN DPYN IR AWND P KD MDD DNPINORN 2D 0) NINND v 919D

ON v;70 91900 DYP KD DN .OIINONN N1 0voa I Sv oy My w; (v;) = [H]ij PPN VTN ¢ 930 3.14 VOWN
Spwn N0 7t (v;) = 7 (v;) = - = 70 (v;) YoM v; = 7t (v5)"w 75 ¢t ©p PN . () = None WX v;
.0 (Uz‘7 Uj)

| AND NN PN NIRRT I2OY MNDIND PAINA NNMYIT INDINN ,NIVOP?T DY NIPNRA M AN

(DFE'S) pmiyy vi9on om9noR - 3.5
DFS omanon mawwon 3.5.1

0N DY DINNND DO NR NINNY 7TD YNONNN NMINK DNN 973 DY NP0 YNID NN POy Yissh DNYINONI YPyIn
DX2190197N TN TINRD NYY D>NNND DTN )2 T2 YINIA INY YAV POIN NNY BES1 nnvw niva nre mwyd I8
ANNI DN NVIPPAY NNMIND NN NDHIN PRY NNINA “Dypny” NXRY TY ,0N2 D92y DRY DINNSD 0 TN 903
INDOD 971 12 NIPA DIVY NMIN DN NYP OV NN»P OXR DPTIA) NNINN TNN TYS OINN NtOY

DXNNNN NN NNN DN NDION ,20 DO 99 7PN DXNNY NPYTAA NMMDTYN ITO 9010 vrww oonndn Man BFS-a
First-in-first-out P2y 29 5y NN NN NN NPT IMN NONN NMIND DY IOV PN DN NIPPA DIVY
PO 25v 901 ;Last-in-first-out IP2Y 29 Yy H1aY HMONN NIN YNNI 12Y NN 1N nre noy> DES-a
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NOY YV DYOPN MNNND .NNNYD NIRNPY PPN IO ,o1pa Mysna DES wnnd 100 nionn mav 1172
NP 1DIF2) TPNPNAN DY INIP T YOMOIN YTNN IMVYI NIV, NNONN MYNNINI YNNI PONPIN I NNONN
Pon VIVAY 1ORD Mova DES Yv wvinn N 7930 Mt .8 ANIP TONN2 DPTIV DINNND YV INvDD

TNND .97 DY 20 DIPYP D219 NINNID T 4T DV MDINY 111 Nixnd 1D DES-2 wnnwnb 1m0 T80 1N DN
2950 DIIIXD VIV PPV QDN YN NNYA NAvy N7va DES-n nx wons 7o

0”9 nova DES omnidr Hv winm »N

1 def DFS(G):

2 for u in G.V:

3 u.color = ’“white’

4 u.pi = None

5 time = 0

6 for u in G.V:

7 if u.color == ’white ’:

8 time = DFS_visit (G, u, time)
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1 def DFS_visit(G, u, time):

2 time = time + 1

3 u.d = time

4 u.color = ’gray’

5 for v in G.adjacency(u):
6 if v.color = ’white ’:
7 v.pi = u

8 time = DFS_visit (G, v, time)
9 u.color = ’black’

10 time = time + 1

11 u.f = time

12 return time
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Dymonn onnsn nvap oy GE Sy DFS nx oyan .3

.3 25wn Yapnnv DES-n Ay onvn osyn on G 5 mvpn »2000 4

DES by nbp mrszona vinow X (1 nvw) DES 5w 0500 N2 772 vinow > Dy yiad 1m0 ONINORD ,Imod
B 2>un|

1 def DFS(G):

2 for u in G.V:

3 u.color = ’“white’

4 u.pi = None

5 time = 0

6 for u in G.V:

7 if u.color == ’white
8 time = DFS_visit (G, u, time)

7.

DFS_ visit noyan nyar ,2 25w 5w ypnn 29 Sy yxann onnn Sy 1aynne X7 DES-n omon Sv 6 n1wa
,N2PNNN NP>TAN NNNY NMIND DX ,OUND = MPPYN 2209 DY NP0 IWANNIY D YN DY PNPNSN DX Dya) 8 Nwa
LPYPN 25090 1IN 1DIDY 1DINOY TIYN IN

NN NIV ANNNN DIPINORD VI NN 1N

1 def SCC_DFS(G):

2 for u in G.V:

3 u.color = ’white’

4 time = 0

5 for u in G.V:

6 if u.color = ’white ":

7 time = DFS_visit (G, u, time)

8 V _sorted = sorted (G.V, key=lambda u: —u.f)
9 E R = [(v,u) for (u,v) in G.E]

10 G R = Graph(V _sorted, E R, directed=True)
11 for u in G R.V:

12 u.color = ’white’

13 scc = []

14 for u in G R.V:

15 if u.color = ’white ":
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16 component = []

17 SCC_DFS_visit(G_R, u, component)
18 scc .append (component )

19 return scc

1 def SCC_DFS_ visit(G, u, component):

2 component . append (u)

3 u.color = ’gray’

4 for v in G.adjacency (u):

5 if v.color = ’white ’:

6 SCC_DFS_visit (G, v, component)

“AIneHN” MY S TN NN MNNN STann .0pnn DES  visit-a wonwm) DES Sv ipd Tinn nm T ipn
SCC_DFS Sv 9 nmwvwa yxannpw E o 8 nwa ysanpy Voyen (SCC_DFS visit~a oot apyn ,5vnd)
SCC_DFS_visit bv 2 nmwa nyyanny ma»vpn >2°599 0NNY NI

) G = (V,E) 90 Jnyna . pINNDY DYRIOPRD DR PI0) DIN ,0NININD NI DX TPONN NN N
mMPYpn *257 quIN NN VICY inan yoixva GIOC = (VICC ESCC) wy avn owepn o200 90 nr vTnd
ESCC ={(A,B) | Ja€ A,b <€ B: (a,b) € E} "on1,G 5v 200

DIV DNNYN 23) POYY DTN YD NPNY DM N YN 03 own on 90 N0 GSCC o mxay vp
£(C) = 133 DX D (MNMNN DY 21DIN PONN ) NN 1T GONA (AN MPYP 237 IMND 09D OPY DIN
5w Hwn pona G 90 npaovw yan won Lf (A) > f(B)"w 7 A — B nwpn ovp w max {u.f | u € C}
N9V 19 19 Sy GSCC 359 Yy DY VNINY NVIPS 29 DY KIN DNNYD PRV DIPINORN

2590 5y D2 PRY O B — A nwpn 1w vin A — B nwpn oypnav 10 GRSy 02y nhany non
ANY? DNPIVONNY T ,POR DID» KD DIPIMONRM IMON 7172 125 A 22570 1t NYP DX W» DIINONRD TN ,0Tp A
.B 2590 n7yona

T OYT N9 IND PONDI YAN NP DADNND DRIND NNDINN M09

0”990 DVNS Ny 4

MY Nan 4.1

YYD IDIN NNDNY DN PSNDPN NIN YYY NPIND 110 .90 9om Pwp Xnv G = (V, E) o1 XY 9 NN vy
NYP 93 NIDNY N 12102 MIPYPN NNOND DN D00PN NXIN YY ,NNIT ;50p0 12 NINY YYD NYP 95 NaDinvy mt 12m3
XY N0 nwp [V =1 oy pvp 90 99 | E|=|V] — 1 07pnn X 2910 Yy IWUND L PYPTRID AN NN

Y YY XIPI MO 9NN YW NN G D B C Eoy G = (V,E') 9unn ovp G = (V, E) »vp 9 53
YNYAY G NN NOMN NYN DOV NIDNY NYP NI NYP Y 9D w9 YY DPPY MINID Y 090 99 May .G Hv
TN ANY 227 PNYOLN INVIN I NAY) YY PN DAPNNY 9N ORI MNP PN 12V ANND YYD NMIN PO VP
Nt DMP OPNDYN D97 DPOIY NIN

NINDD D17 DNY ,MNYPN DY DPYn NOSPND ¥ T PYAD 990 YN YY NNONN DV NN NA 0wV iyan
19,V = 1 7 mMnwp 1900 IMN DR 710> DWNIN DINYN HI3) 0PN XIN PIMNYP Y DYPYNN DDV v YY
L(OPYNn N»YPNSA P NRLIND NPIVINNIY

V2D D2 DIVDY YNNIV DY A DD YA NYP W DY PA DOYIAD DY NYAIS N I NMYAD MONDD VI NnNT
YON IWANNY DXYAD NYI NYODO WATIV D YNN PNNN NN NINND XX DN .WIA5N NYOD NN XN NYpn Spvm
Dy nw 55 ya

{PYIAN NN TPONNS NI

E' C E 9535 Ypwn noxpna w : E — R pwup non &0 90 G = (V, E) v 09901 w9 Yy n»ya) 4.1 H97130

oy X1 E' C E AwNd argming c g {w (E')} nX N8nd N0 om»nn vnon xyn mya aw (') = 37 g w (e) 1090)
Xy nn (VE~w 75 mnvpn msap Yo
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11N WD YY NNNND NN ONNMIONN 4.2

NV DY NWND VAN .09 DIPINONY IPDITNP DIINON 290NN YWNAN YYD NPV PINGD ONNINON NIV 1N)
N2 DNIMORD .WNAN YYD NPV PINAD - 9933”7 7 NP HHHD DIPINVON DY DNY DVIDN NN DO DNNIOND
YNON YYD N9APY TY MNYP POR D0 005 MNP Y3 GNTNN DY DNNN - “Ndynd Nonon” vman Yyn nNX
RJathLialy)

YY1 MNYPN NNAP SV NNAPTNN XNV INONN ndya o0 A, axna LA = () nxiapn oy 9nnn onanorn
n¥ap Sv nwap nn N 03 AU {e} v 75 e € E nup XYM NI, DRINORD DY iP¥ION D2 anwhd HOmrn g
LA My MY AYP NINIPI WD NYP ANV MHOIPNn NS Yy mnvpn

12V ANND DOYNIN TYUND PHPN YO YYI MNYPN NXIAP OV NP NN NN A 79D NUINNIPRND NINVIY 110N
ANWHD OPN YN YY DY IRONN MAYPN Nap Ix nn A X JA| = |V -1

299N 792 NI L)D ON DN ONINOND

A=0onnx .1
:omys |V —1yxa 2

A M1y e NMYA NYP INND (K)
A<+ AU{e} »min ()

A NOMiDn L3

N NYP DNXIN D9 I 9PONP 0 L“A May MY DYR NINND TR5” NONYN DY v 1910 DNINOND L1200
YR oYM Mt MNP NYY NN cnn v s X0 (S, V\S) 400,01 .75 40N DN mysnxa
N9 A 5v nup N OXR A NN 1391 TNY N o € S,u € VAS W u € S;v € VS ox Tnnn nX AN e = (u, v)
(7PN MMIAPN NNN DD DoM A2 MNYPN MYNIY 9DN"NN ,IMDD) TNNN IR NN

FTNN NNNY NV NOPN NYPD Y NOY RDINN VIVYNN

n¥APa NYOMY AP A C E xpn Opwn noxpna w : E — R »vwpy pon 80 90 G = (V, E) N 4.2 vavn
X NN NP e = (4, v) XM A IR 7200w G 5w TN (S, V\S) 8> .w My G 5v 5m00n vna Y Yv mnvpn
HPYN YIS YY SV MNYPpn N¥apa noom 30 03 AU {e} X, TRNN NN MINY MNYPN Pan Omyn nSpwm Tnnn

aw My G Y

M0 e € Ep DN .09WNN MONN NV MPPY A NX 200w G v »ornn van ywn T = (V, Ep) Ny :hno)
951 9w [T ANR DN wNa XY 07P 00 IR e ¢ Er D 319 DX N2 MnNvp N¥ap nmxa noom A U {e} o3
T xyn v “pippn” 1 Sy baprow AU {e} N

Yo v € VST w € 57w npdhon noain »Ha 0»pnn ,TNNN NN NN YRRV 1ON e = (u, v) NYP1 112m
NN PYNID NNIND D) WD 25%A TRNN DR MNND 27N 9900M ,v X uw™n T2 9000 0»p ,vNna Yy N T-v
NN NNNY 55000 Sy NWpn IR (2, )72 1903 (S5 YD DN S0 nvayny nup nnvp 199 ST N pInrm S-a
LA U, U~y DYDNN DP9 .z € S,y € VASTY 15, 7NN

noapnnv Er— (Er\ {(z,y)}) U {e} n®1apa noom A 95 .(z,y) ¢ A-v 0»pnn ,A DX 72510 TANNY 1ON0
NN INRY N e & Ep™w Nron o5rn vn Yy ArTn 1 Aapy myInd pa ey L(u,v)"a (x,y) nadnnn
XY 20, R T7 90 or 19 [Epd| = |Er| = [V — 1 9920 e navym (z,y) nopn

D) 0P NN (z,y) TIT H2Y RO NN ON .0 DIX 12NNV 51501 171 0»p 10 .92 DNYOD DNNY DY NP7
NRY T~ 4 900N TIT v OR 919000 Yy 75 NYINn By 2 919000 DN 1PN N (2, y) 77T 72y N0 ox T7-2
2NPNRN 9DON MO PYY DY U~y TIT Y IN YD N0 e = (u, v) IYPN TIT v N MNAY 0P 1R 0P
XY 199 pwp T 90 1wrIN

N9 (2, y) NION T Oy T HH10»0nn WM YYNN HAPNN XINY Nran 29»n v Yy Xin 77 0 mNIno amm
oM (z,y) DIV PPID YYD SPwn IR POPNY P N9 NWPN Nadnn M w (u,v) < w (x,y) v MxINY T (u,v)
NOVP ,TNNN DN MNY MNYPN 93 Yan »5»n Spwn Sya nend 0Ny (uw,v)7 (S, V\S) 7nnn nx msin (u, v)
[ | wp1and w (u,v) < w (z,y)
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PP DMAVIN 4.3

LOIPAMOND NI NONNA TN DY DINYTINN DY N T DY UNON YYD IR NN XN DPOI1p OWIONI YPyIN
Y2 INADINY AN NYPN NYPN NN DMANORD DY TYN D53 MNYP NYY NNY 93 “Yy NI 9D DmN D5
1991 ,05 TY 1INV MNYPN NP NAY DNV NYP AN 2D MIXID I .OTI9) PR ND TYY MPYP 2259 1Y THNN
2OPP) YN XY 2030 220N DIPINOND OV MANN DR ONIN ONINOND

SY Mt MXAP OV qDIN Y910 M MmN .M RSP DY DN 1IN TNY ¥ DIPINOND NN YNND nmn Yy
DN MAN .M MNP PNV IR NI TR NY¥N) DAY IXIAPN ANEN MW XNV MDY TINND PN ,0IDN
DIMP CTINND TN NN DAY MSyan >nv ov Yy “Union-find 0onn) Man” w “Disjoint-set 0103 Man” XIp) Md
:Python nowa »2o8) widna IND PON0Y DR TR AT 02N MIAND > TNY DNINND DIV

1 class DisjointSets ():

2 def  init__ (self, elements):

3 self .sets = {element: element for element in elements}
4 def find (self, element):

5 if self.sets[element] == element:

6 return element

7 return self.find (self.sets[element])

8 def union(self, element 1, element 2):

9 self .sets[self.find (element_1)] = self.find (element_2)

95 My 5193 MWIV YTNN TURD PN MYNNANRI NP DD XM NIN PYIN T XD DIWN DR VIPNN M09
NNAPN PN DY WIANY TO MAPN NNR DY PN NPY >T DY y8ann mNHap TR a9Y ANapn »N) 1N NN DN
JNNY DY 0PN VN

109 NN HPOIP BNION YW Python-a mpn ,nt 01Ny Nian yroa

def kruskal (G):
A=
sets = DisjointSets (G.V)
sorted_E = sorted (G.E, key=lambda e: G.w[e])
for (u,v) in sorted E:
if sets.find(u) != sets.find(v):
A.append ((u,v))
sets.union (u,v)
return A

© 00~ O Ot W+

95 N5NNNAVY T2 NSV MMNAPN NONMIND 3 NNV ;NPPIN NNV NPNY YYI MNYPN DY NONMND 2 Nva
VP D5 YV Ypwnn 29 DY NDY 1TD2 MNVYPN NNXYI NYMNY 4 N7IYA ,NNSY 292 NIXIAP NI NN

Y>3 Y PA NIINN TPNONN NYPN ORD P2 6 NNYA ,ITON 29 Dy MNVYPN Dy DAY 5 N7IWA 101 INRY
.8 N7V MPYPN 1257 IR DTAND 7 1WA A™D MR D20 5 ON) D> TI9) MPYP

257 200 S v (S, V\S) 7rn2 1many 24 May nmoa nvp NN 6 NIYA ONINN DN DNV (u, v) NYP TN
U OV MIPYPN 2579 DOV NYPN ST NDVYY IMYNYN IMN NINY A D nvp 1o¥ A IR 7200 TRND .1 Y MYpn
6 NMMWA ONINN 22) TRNN DR NN (w, v) NYPN 39 MWD VS22 nrad Mmx nupn Hv »)Hvn T80v 755 1PN
ANY TN SPYN PN NYPY DN D ,N0 MY IR 91T SPpwn Dya nend Narn JTNNN DR ANNY NINN NYP YD) (07pnn
D) T2 POV ORTNA 199) NIY MPYP 22037 1WA NYD 0N 7PTTX Y 23) NN PO OTP 71POY 12y PN DNINOND
2O0PN YN YYD 2N DIVIMOND DY MIWAR Vi) RN DPDIIP DIINON 4.2 Vavn 19 HYY RO (DT

v O (|E|log|E|) nro2oa wixad 3 4 mnwpn 1PN 25%  .OINOND DY NY2O20N AN Pand ann
SV NYON NNV NN W1 DisjointSets My 0WNNYN DX 1AW DNMIN NI DY VIINIA NMON TP TYNN
O ([V]-]E]) v nroyv ovapn ux onys O (|E]) nysann w nxyaw pon .0 ([V]) non union Y find mdiys
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N MDY M WIND NAY 1YY NN NPIIDOVY IND PN NHY 12902 Dy v DisjointSet 000 myand orp
NP0V 1Y D NN NN YVIDY NOY NIPHNA .TIND JOP D17 A8P Oy 1¥pns NN a Wwrd O (m - a(n))
A2 DNPIMONN NP0 0 N 1PN O (|E|log |E|) »on ntn 2dwn 55

099 DNION 4.4

7 OIND DNNN DIINORD TN XY OV HITD NaN9D T DY YNSN YYN IX NNAD NI D9 DNPINONL YPYIN
N2 NMIND TYUND LYY 930V NNIND DY NN T DY UTN NMIX YYD POIND M 25% D52 ,YYN YV N2 v
25N NIN (YYD IMNX NIANNY NYUPN SPWN [, ImMDI) YYD 1DV NaDINN PNNY NMIND NN ,7ITHN NN

Oy NIVOP»T NAY MO TP IMNI YHRNYND N2 =~ NIVOP»T DIPINON DY MO NNF VYN DIPIVORND DY 131NN
9521 , 09NN BNV G0N ONNY DXPINMN 1AW NIMBTY NN NI DIPINOND 1IINN I ,0791  .OPNYN DOV
IMN NIANNY NP2 NOPN NYPN YPYn NN NN, NMIN YD DY Hpwnn 20000 10PYNY NN DNN XXM ISION
NN DIOTYN YYO YINKY 1OV Dy 02y YYO NN NADIN YO 0y 10T I 190NV KXTND T YV NWOD NmND
LTSN NN DNYY Ypwnn

:Python naowa om oD S vinm »x)

1 def prim(G, s):

2 for v in G.V:

3 v.d = math.inf

4 v.pi = None

5 s.d =0

6 Q= [v for v in G.V]

7 while len(Q) > 0:

8 u = pop_min(Q)

9 for v in G.adjacency(u):
10 if v in Q and G.w[(u,v)] < v.d:
11 v.d = G.w[(u,v)]
12 v.pi = u

DY 2IND MIVY DNV DNNX NPNI) 9D s NOIND ONNN NIN ,NTIVOPHTO NMITA NS DPNN DRY VINNI
VYN NN DOY v.d = 0o NONNNA) Y2 v NADIN DY “PNN“D N2 v.d NN DTN DN NMIN D05 (DNY YN
MY WYYV DN DT LYY PAN DY WaANn NN DD MAYY o TINA MY YYD YY mnvpn X .0 DY s
.NIVOP»T

15 pop _min 7PNPNS DMK DOVYNNYN NNX) 1 290NN TR 1NN RN 8 N7V NMPTY NN NI 6 NNIVA
N w. T NIYPN L u DY DRNIND DT HIMPTYN NNN INI0N T DY YOI 19N NYNIANN YYD 1w DD .(NIVDP»Ta
LYD NAONNN Y NYPN I 1991 YYD 4 I TMIANNY DR 9D PN 0PN NPNNY N

T YYD DMIN NIINHNY DOYNN NYPN DPYN DR YYD NDADINY NMIND 20V YD May mMIdTyn 10712 MY ) oad
LDTIPN OYPNN HPYNRN TURND TNV NYP YYA YITNN NMIND OMN NIANHY NYPN 1NN NING

Shav (S, V\S) 7nn by omanoNa Mwod 25va HONDI INE MINID 2T 4.2 DIVYN DY NDDANN DIPINIRD MNDI
N7V GOVIV NMINN DY 1T NN 9D NODIND Nt 2DWA NNV NYPN YYD DR DD TY 190NNV DINNNN D5 NN DO
NN MI2ANNY MNYPN 93 DV Nt PN 20000 NN At DPpYm ,YYO D901 NIRY NYPN Spwn XN M Nmsn Ypvn .8
L0AVNN NIN NN RXONNY NN ,Q~2v DNNYD YYD SNNY

O (JV]) yav w7 6 nwa SINNRD 25,0y MYSHNND vinena .Q SV vindna SN DRINDRD NPIIVO
N0 ooapn NNRY 70 oy O (log [V|) nroaoa oonys V] nyxann 8 N1vwa »Hynn 92NN IRNN DOV
O ([V[log|V])

NTIPI Y35 NNNR DY MYXANN 10 22) ©NYa 2 [E| MmO 9132 nvp 95 May 0»nys myan 10712 mMv ,yoad
959 qON NTY Swnd) 0on wvina O (1) a2 vind \nav N Q7Y MI»Y ;ITaY v D Oys Yo1 (NP DY N8P
NP0 ,NIYN DY POTY TSN 11 DNYA TIYN PV 0N L(ONNNA DTV KD IN Q72 NIN DRN IMINY NN
n512°02 >LIPMTN 0N L0 (|Ellog [V]) Xin omamoxn Ny v 009apn nmn 950 Toav 15,0 (log |V))
AV = O (|E|) 95 ,mnvp [V — 1 mnad 13 v »pyp 90Ny nron) nvan ot

34



TN N KD TN AN Ty NN 198 NIX I9WD D120 YSRIY MY MYNHIND Q VI ,NI0DP»T DNINONRI 1D
AND

PIOND TIPY WYY 90N TP 5

Nnan 5.1

:ASCII Tip N0 MN TITPY NVIVY NONT D022 DY MITOD LOPLVA DNNN DY TIPP >T DY DIXPN AWNNI DVOPY
“E” ynn yon 01000110 nnannn > Sy asrn “F7 ann Swnd 75 .00 8 > DY DWW DNN 256 DOXPN M Tipa
.01000101 ,ompn 990NN T DY INPN 1Y OTIPN

OMNNN Y2 ROV NPON NNE .00 DY $HA1A N2 ¥ N2 TN OO 19INI MDD NYVIDY 1 12 MMT) ¥ DO
IXPN e DN 7ANT YD ) PR e MIND AWUND MINS DOPYLA AP NN } DN .MPTN NN VOPYLI DY
D022 AN MYNNANID DNNPI PP DX MNS DNNY 7O ROVAPY NN ,0092 NN MYNNNI

AG,A,C, T} n¥apa 11w nemn 8 noya 0 GATTACAA nHnn .n0Ive NONT MYSNNA NN 0TI

1DV NIV Y DDA VY YD) TITP ,NPIMIN YAIN P WY NON
00
01
10
11

.0001111101100101 (N5 ©'v22 2 9190 ONIN 8) DV 16 TN M w NNNA GATTACAA Sv ns»n

N NO0N TITP NINND N

9901) NN NN NN DAY MPTNN NNY MIX 9D HY DYSNN IR MDY ) Nnn DY TTa 9ayn > Dy
NDMNN TIN OPON MOV DYINN

[ 0 [ oyom [ nix |

HQl e Q

T
.
ot
R
4

N MP9IN G,C 9N 1w MeTya o0 T-w 13t “MmorTy” 0D NN ORTI 1991 1N NN MND NN A M paa
TPNIIMON NINNY I TV NI TYNN TN INIVNN NAOYY INTIV TITP NOW 12 DX YN . NINKRD 0IPND

110 G
0 A
111 C
10 T

P nyd I avny LG,C Sv TITPN TR NOTHN NN T DY “ONDVW Y PRnm va1 A TITP DR DIVP R NVWA
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110 G
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1 def huffman(C):

2 Q= 1l

3 for ¢, freq in C.items():
4 v = Vertex(c)

5 v.freq = freq

6 Q.append (v)

7 for i in range(len(C) — 1):
8 x — pop_min(Q)

9 y = pop_min(Q)

10 z = Vertex (i)

11 z.left = x

12 z.right =y

13 z.freq = x.freq + y.freq
14 Q.append(z)

15 return pop min(Q)

NMIY DINHN NNINR M Nt 939 .(freq) 1DV MPTRM () 11N S Nt 5915w C N 1D PMIY 0NN NNIN TPl
D»NN9N DXNNNN DR DINHN DX 7 NIV NDNNNY IRV .OOYN NN WHNY 1ON NNy ;freq NTY DY 902 V1N
.DM2NN DY freqn NTY 29 Dy NysANN NN N9OVNY To M) Q NMSXTYN N .92
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:Python nawa omaoNn Hv wvinn »x)

1 def edmonds karp(flow network):

2 G,s,t,c = flow_network

3 f = {(u,v): 0 for (u,v) in G.E}

4 max_found — False

5 while not max found:

6 p = find augmenting path(flow network, f)
7 if p is None:
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8 max_found = True

9 else:

10 f = augment path(flow network, f, p)
11 return f

def find augmenting path(flow network, f):
G,s,t,c = flow_network
E f, ¢ f = residual network (flow network, f)
G _f = Graph(G.V, E f, directed=True)
return BFS shortest path(G_f, s, t)

U W N =

def augment path(flow network, f, p):
G,s,t,c = flow_network
E f, ¢ f = residual network (flow network, f)
path edges = [(p[i], p[i+1]) for i in range(len(p) — 1)]
min ¢ p = min([c_f[(u,v)] for (u,v) in path edges])
for (u,v) in path edges:
if (u,v) in G.E:
f[(u,v)] = f[(u,v)] + min_c¢ p
else:
£[(v.u)] = £[(v,u)] — min_c_p
return f

== O 00 ~JO O Wi -

= O

def residual network (flow network, f):
G,s,t,c = flow_network

V] = el(u,v)] ~ f[(w,v)]
w)] = f[(u,v)]
) for (u,v) in product(G.V, G.V) if ¢ _f.get((u,v), 0) > 0]
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def is_prime(n):
for a in range(2, math. ceil (math.sqrt(n) + 1)):
if n% a — 0:
return False
return True
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1 def extended gcd(a,b):

2 if b = 0:

3 return (a, 1, 0)
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1 def modular_ inverse(a,n):

2 d, x, y = extended gcd(a,n)
3 if d > 1:

4 return None
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1 def modular power(a,k,n):

2 x =1

3 a_power — a

4 while k > 0:

5} if k%2 = 1:

6 x = (x % a_power) % n

7 k=% // 2

8 a_power = (a_power * a_power) % n
9 return x

NDN NPINYD Vavn  7.3.3

“OMINNN NWNS” M2 NDNT DY NNAY .NPITITIN NMIRNYN NIYN NN NN NN DY 1M 20N NPIRYD VIYND
MPEN NN JPIPY NVOVOINRN DPIVY NN TPINT 12 7PON NAND 1YY NPT NPNA NYT NN TNND WP DI9N DY
, 073V 55 N 0P P3N PYTH NI WAV D5 ) DY P ONS DPIVY DN WY PPN IR NNY IRIAN PYTI NNY
NNN P YN DAY OPY IVND NYTID DIND NNINN MDY VYN INND OHN NAIND .OMKN YIND TIT PRY IRDY 1D
793912 DNY OYNY DN NYD ONRN .00 13 P OO0 DNV 7D ,0”WNaYD

TV 70 x DYP DNN NN NONYD ,NPP0NRNnD onIna

xTr =7 3

T =13 5

O»PNN a, b DD NT RINND NDADNIY NI IRIN J1DYNI YHNYI PINSN NN NINND 7N Oy

a =7 1

a =13 0

M

b =7 0

b =13 1

MVPIANN IRNIND DR YAP) © = 3a + 5b VT OX Nt NIPNa

r=73-145-0=3

r=133-04+5-1=5

MININA a,b NN 9933 VIV = 1371 7 TN NINR ARNYN 95 0) NN YD1 NI a,b N¥DY DX )0 Yy 1
LONNN2 ,MYPIANnN

A3s =7 17w 75 s 07p M9 ,7 T Pon 137w oI (7,13) = 17w 2ron ,IURY TDDIRDIN a, b K80 TN
4= —13 PIN P O ,s = —1 52P) PTOPIND DIPINVONI YNNY) OX .13s =13 0,900

b =14 70,7 090 oy 13 19T Pan 7w on ,nmT 191N

IPNY DIV NYTN DPIVYY TY NONIY N 900 It .z =3 - (—13) +5- 14 = —39 + 70 = 31 Yap) ny>

PN IR (1471 7 DV NAPNA 1D) O OPN DOINTIND OXY N2 PRIV NONTIN 29900 NIPNRD Nyd Naw
PINS OYP ,ARNYNN DY P> PRD OO7Y NPNA D30 IN DN DN ONX JIAN ,NING 7PIN XD MNNIWHN NIIYNOY
990 19IN2 D) NI M ANV

P i # § 935 (ng,ny) = 17V 5 0¥aPN DYYAO DN ng,..., N VIV OPDN NPIRYD LAYN) 7.10 VYN
MNNYNN NOIYND IR .DNYID DNOY OI99N0 by, ..., b,
T =n, bl

=15, ng D0 DR m pIns op

52



PV 9AP) IN) j # 4 MY plng NN WX pla; = - ORI (a;,n;) =1 N10N2 a; = 25 o3 1 < <n YOY NN
(ng,n;) =1"v 195 ﬂﬁmm N, My 9W GMYN 0N NI
0P W ,d; = a; ta; TN .ai‘l YDV 725 INTID 29N @79 ©7P (ai, 1) = 17w o0

dzEnbl [
j#i995di=,,0 e

njla; V9 a; = 7%'\’) Ton N2 1IVN IRNYNN TYRD

NPANd x =; b; 1 900 Dapn = Z;;l b;d; ny> VTN

,ged (a,b) = 1 995,07t @, b DN NN MYVLY NYTN NN I TPYNRI .2 2T PR XD PINAN 2D MNRIND IO
959 ¥ya1 727N PEPITYNI DNYHINI DY PONNN O a, b~2 PHNNNY 1901 55 > lem (a,b) = ﬁ’;,b) =ab N
D DI90N 1

M O OY PONNN T — T2 MDD T =y, T2 DPPHN ¢ 00 N MNNYNN NIIYND MNING 0PIV 21, T2~V NI
] 1 =5 Tz MODPY 0 T DY MO ,BNYAON > DY D) PONNN NN ,DXIT D901 OT DY PHNNN NINY PO

:N2N 19NA Python nawa om oD nX vond yn%n

def crt(

n —

airs):

X

bi) in pairs:
*= ni
ds =[]
for (ni,bi) in pairs:
ai =n // ni
di = modular inverse(ai, ni) * ai
x = x + dixbi
return x
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def fermat primality test(n):
a = random.randint (2,n—1)
if modular power(a, n—1, n) != 1:
return False
return True
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1 def miller rabin(n):

2 a = random.randint (1,n—1)
3 k=20

4 d n—1

5 while d % 2 — 0:

6 k +=1

7 d //= 2

8 x = modular power(a,d,n)
9 for i in range(k):

10 x_new = (x*x) % n

11 if x 1= 1 and x != n—1 and x_new == 1:
12 return False

13 X — X_Dhew

14 if x 1= 1:

15 return False

16 return True
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aMmen ponn N ON 2 (a,ny) = 17W YAPI v € ZX7) a =5, vTY NPOND IPYURY g € ZF 0D TMININD W Ty
(1,m2) = 13 mgy MY DX TNY MNT PP .9MVYN PPN v, N~D PN 1PN v = a + nit NN B PO PN NN a,ny ™D
Ng NN 1 DN INR PONND a,n ¥ 9mwn pHNn Y593 (a,n) = 17w WM .(a,ng) = 1 Yap1 1990
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192979990 DININD D102 vy 7.4.3

phat> I % MIINDNA )3 MY NIN INYNT IPRY DN IR 9901 9591 IPHIYNI DY 1193 MY P70 DNPINON D 1NN
JIPNVUNRT NPXTAY PRNY DY OIPANON 92PY TD DD TY VYV NN PONDI DOIX NP MPIN MNNIN NIIND

YAONN NIPNA IOV MNIN 1900 T DY XMIANDN DIPION DY INDNNN MIANDN NN I9YD 11 PO05 19INa
VNN MNXTIA N2 (“PrI19 190NN ) NPDOY NAIWN PPN XIN ORY IDIRY D10, “NTI8TR” Myv Dya XN ONINIONND
951 DN P9 PPN NIVN PINND POY PAITIDN DY MOYHAN 19010 YNID ,0OP INPNI :TD 2Wad I 1O [t NAIWN
9901 Yy 1123 MYD MIANDNM 1 NN INYNT 9901 DY 11O MY MIANDNN T NN .1aAPN NIV NN»D MNINN
NI 7w 2% NN 29 MAANDNM ,MYINN Y52 HWINY NION ,OWDNY 2 TD . )OWIN MIANDN MNS 1 NN ONYNI NY
d - 2% NI INYNNN MIANDN 120 IYIAY MNINN 19010
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1 def is_prime(n):

2 for p in [2,3,5,7,11,13,17,19]:
3 if n%p— 0:

4 return False

5 for _ in range(10):
6
7
8

if not miller rabin(n):
return False
return True
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2770 Hv
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RSA no9yn 23 0na wnnwnd mn Sy D917 DPNYRI DIISDN DY NNONND NN PANTIDMND DITYIND DNY VIDIYN
LN IR ONURD NN M0 MND 2 99010 OND MDA 71720 D120 P~ L “MI9D MIND 2" wWPpa “OD1Ty” IRD
99011 VIYN NNINYY N2 NI 7170 DT DI9DN 2IND NN NP2 NVIVAN TITN IONRD DI9DN A8NY TN TN
INIPR ONUNRT 2N MIANONN 0D e Tva N0 {1,2,,...,n} DINNI DPNYUNIN 190DV IDINY DIYNRID
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def generate prime(digits):
for _ in range(10000):
candidate = random.randrange (10**(digits —1), 10xxdigits)
if is_prime(candidate):
return candidate
return None

SO W N
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NPINID TIND NV NNVIANR PYND IWAN TIRD JOP NNON NNYA OYIN ,GNYO DI IMNY YR DT 10T Mya~Tn
YN 5V M

NPNAY NN NN (Plaintext |19 ans” nXAPY wD NyHin) MY NNx1av M nyThin ¥ OONRD DR YN
C = w72 md rY (Ciphertext) “ano and” nnexim K >Mon nnann NNy NyHinn IN NYapnv encrypt
nmsn R oX M = decrypt (C, K) own wspnaa wonwn XM 2129 nnow o9 C' NN encrypt (M, K)
M Drn C nx RNYY 951N KO DN ,iPT N0 MaNnn now oN) M nx R I8 C NN NYaApn NN v mMynInng
9% MOANNN NPIVNN MDD 1N»Na

NLIND VIV YHNYND N ,URIND 02 K NNaNn NN GNYY 2121 OHON DY -~ 972 1OVW MIONN NIIYNA PIONN
DMODINN NP2 TNNRD 2N VIPWA P AN MDIYN N XMINNN SWIPN MAINY DY Hrvvin TNND

AN NV = MNNANN NIPY N»YA OY TTINNND NNPONNY ,MIANND NADI DY) NYNIN 207N NNNN DV 707N NMIva
NN TPNNIVDNY NY . NNVIND NNYRD 0PPY NN DY aMmun NNaNY DPIPT DPN 112 DYN 1T YA 9amn
LY MNNSN Y NODIDY MONN NVXYI YNNYHN 212 NN IYOND 1D 112 DY NNYPNN DX DD NN DONX Nav
MY NN Kprivate 20790 NNONN DX 12N ,00WN 5505 00190 NN Kpypiic 22090 NNONDN IR . Kprivate ) Kpublic
ANNYY PN N Toa

N INNN .C = encrypt (M, Kpupiic) M8PN92 DUNNWN XN ,2120 MYwo M nyTin pasnd N 9ON WD
2212 58 C' IR DNDIWY DYN L(DINNS M NN NNOY N DWnd ON) MIYad PR NYTY NYR NSy 99X 0w C' 9INo and
A9v L0390 NNann Yy novanny M = decrypt (C, Kprivate) MY¥PN9 MYNHNI MK MIYINY

172 29X J9IND TPSNIVIDN DY 1IWND 1NN

NNONN DY TAX PMY ¥ DIONOY TO NNON IMN MYNNNI DNNAN DOYIIV DIWIN 2121 DIORD v, “NDna” Nyoxna
NN 9D »TD NYY NNONA NYNNYM ,NDMNPA NN NNY NN NYTIN 2120 MOYS ¥ DION TUND INN Py 1A
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PRY PO AMNX NN NONON KD NI 212 R OOND NI2Y NONPN 212D N GMVNY 2YINN MYNNNI NONPN
AOW NIV NNANN DY NMN NMS NIN 212 OX NYIN NNV ;NNaNN DR 1Y

29D DY HY DO DPMY INDNY NDNP VYN 1302 DXV TN TIvan INXIT 212 12D 1IONNA ,NING NOIYD
NN MNAY N9 NN NN TR AT VI ;N0MPN IR DIWID >TD 12 NYNNYN DOWINNIND TN NNSYI NNPY OON
NI 2DI9N NNAND L, MDD ADY Y0 NNONND NNYD DX AMOY ,112 ON IMN DNDW NN NNy NOIPN
INNY DWINN VYN

ANPN INDAY NPIVING DN DTTNN MY P MYUNI WP NP NN MO NNAN MANN DY vidwn 17’9 DY
NP N9 NI9NN NV MYNNNI NOVYNI NNYPNN TN AT Y0 ,DPRNN DXTINN YW ONIPN NN NN
YWY DD DXVN DNPP PITY I TN, NPONIPN MOIWYNN DY MNNNN NHIPY N»ya NN NN NINIY Ny
NN NMINSDY NNNY SUN 21N N9 U2IIND VNN YN N PYN 95252 DOYIN KON HIN OV 112 DX) OPON ON»NnD
TI9NN NOIYN NMINNA PONDI NN XD - OiPON DNIPPN MNINN DN ~ DIPON DI KD TN (2NN DIONRY NOMPN
SMNDN NNON MYNNNI

RSA mashn now  7.5.2

DYYN DAY e NPNM N DTN .0a9Tn AptNa ARDYN MYNNNI Ny, Moxn yva X0 RSA noowa yyan
2IWND NI MAXIN NYTIN NIYAD >Td MOYND ¥ NIV d NPINN D92 DMNDIANM) INIPRI DN PANND M Dy
:09127 MY DY |30 DX ,NINNDN NIXNN NN MNPV e, ¢ (N) T

PI9YTIN NPINA ARDYNN NS N DY PN e
N 7 o (N) 200 Svovipn e

AON N3N NV AN VIO TYNNA PO

NI N 11w vIvan NIPNa 0791 LN HY DPNIYRIN DNINN DT OX NOP YN XN ¢ (N) 21w 2D 9215 1PN
NINY PP 9N AT 29 Yy 12 5v N 10 9 o (N) = (p—1) (g — 1)7v 0 N = pg 07nwrI I Hv nHaon
SUMN VYN N VN 91D NN e IX N = pg NN 0DINN 2WNN OPNYNRI p, g I NIN 1I9INA N DR M
d DN MWD D 2T 10N INRYD ;NIANNN NYIWA NN TNV d NINND 1IN DY p, g DY 1DY MINI WINY XN 19N INND
1B9Y0 OMN MOXY MOR DAN) p, ¢ IR NIV TNX D PN IOSN

:INAN NPYPNN DR NN MaXNN NN N, e, d yn»na )0 bN

encrypt (M, (e, N)) = M® mod N :masn e
decrypt (C, (d, N)) = C? mod N :pys e

?decrypt (encrypt (M, (e, N)), (d, N)) = M 0»prow »71d N0 d Yy 195
,MW(N) =n 1,99 vawn 29 Sy M1 =5 1 99 ,(M‘f)d =xn M :INAN INNYNND DPPNNY DINYN 1IN
9293, (N) |ed — 1 oX 199

Medfl — Mktp(N)

EleZI

DTN e 2V NN 2NN DYDY N d WNT ed =, vy 1 07Pw 7Y o (N) [ed — 1 07pmvw mn Dy

@ (N)
:Python nava 15 2N0Y AN (MNTN) MY MONNN NPNPNDY NIONNN NOIYN N1 NN

1 def generate rsa_ cryptosystem (digits ):
2 p generate prime(digits // 2)
3 q = generate prime(digits // 2)
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4 N = pxq

5 or _ in range(10):

6 e = random.randrange (2,N—1)

7 d = modular_inverse(e, (p—1)*(q—1))
8 if d is not None:

9 return ((N,e),(N,d))

10 return None

1 def rsa_encrypt (M, public_key):
2 N,e = public_key
3 return modular power (M, e, N)

1 def rsa_decrypt(C, private key):
2 N,d = private key
3 return modular power(C, d, N)

RSA-CRT nov 7.5.3

SV NYYPN NOTHIND YPDY 1o L4 08 Taya Maxm RSA nymin Sv nuayan omt NN 1avY N2 RSA-CRT now
DXDIN MMPY 290N MNNDY TPNIVPION NN OWND .12t 12 DXNIYD DY NNTY MND DY TTNMNND MDINY MOIYN
790 NN O NIN NRY RSA-N masn 5v 517 21N 10t 1mnsyd myand 5150 Mpd 9o ;i 12 PON Iannng
PN MIYAD NPIPE 1991 NNR N2 NI9 SV NOITY MND OY TTINNND NI NNXY NN DIAN ,NND

19990 19182 NYNNN NIvNNN NoIyn 112 RSA-CRT nowa

P, @ VT OTY DPNVYNI D900 VW IDN .1
N = pgavn .2

e € Zy >N .3

ed =,ny 17v 70 d € Z3; 1avn 4

:02VNN TO9 Q0N ,0MN DIMY DX RSA-CRT-2 05N “nad ypaw»” p, g nt 25wa 937 RSA-a

d, =dmod(p—1)

dy =dmod (g —1)

(p,q,dp,dq) P 0790 NNAN N (N, e) DTIPNRD M’ Y2AMan NNANN

encrypt (M, (e, N)) = M€ mod N :0Tpn> nyxan niaxn

:D2VNN TPYNT .NIN J9IND YNINND NIYD

M, = C% mod p

M, = C% mod q

:09P0N N = pg 2T TR M0 DR NINAD >TD D0 NPINYD VAYNA DVANYN DY

M =, M,

M =, M,

0»PNN VI WX .C'= M mod N » 30 OX NI .PNPHNN NYTIND DR NNYHD MY R NN 2D MNRIND 19Dy

M, =, M

M, =, M°%

D NN T MPP) =, 1w pon Me%T =) 15 mnano 0T 0 owh M =, M% 5 poon ny>
edy =,y 179 M0 0 (p) led, — 1

w(p)=p—1,00

ed =p_1 10192 M3 ed =, () 17 dp =51 d 12 N>

VIO edy =p_1 ed =p_1 1 ;P03 ON 5on

MNNYNHN NN DY PING 1IN NN MY ¥y ON v M =, M, 00 MRIND 1) 19NN IMIND
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x =, M,
x=q M,
MonN nn ON 20N NPIANYA VAYND MYNNNI OYNIN NDXRY VNN TN ,N VTN TR NN NINSAY NYOD

NYHON NNNY XAy 8

NP~ P mpynnn 8.1

D910 DYPNY IONY NNAY D910 DNV NPYIAD - Y2IWNN DN DY) DY DPNVN DYTINT NPOIY NYI0N NN
NN ,oUND NYON? 1N NPOI0N NNNI MIXIN MDIP 0NYD M90Sy INDIN 27 PTY Nt DINNAY PO .INaY
IN DMDN 22N DTN PINSD NIFP) NN PYI OXRY NINOIN IN ,DMDI DDIPY DN DNV DPIIWN DTN DVY
NITOY DN OOTIN DY MDPYN NN MO 3TN

NIPIVY DTN MNP OXNYD NYI TD TN ,NPATH HPONNN NITHIN NND W HOVIPNP 2IWN DTN PTHND N Dy
,LPython nn)T ,m0IPNP NMION NAY DY 2IWND >T IND NYYIYV NN NAY .NIYNAN NN JND X ND TR AP0 NN
VIO I PN NAYA T2IDIN 9 51193 L2IWNN DTIND NOMY 1t DAY VNN M2IDIN DOV 7D 2N S NPTIND
PPTIN 0N NNoNY DTYsN MNd ,Python nava NTipe 95 Syw NN “PRNn D AURI 210 NNOHN MYNNNI O)
NONN DY VIPN ST MMM NI I NTIPO WHNY 15 ND

ROV PYTHL VTN

aNW9s y1ap k> 0 Mmay O (n) 1ot M1212°02 Y8INN XN DX MNP 1913 YSINN NWID 1IWNY NN 8.1 1T

NNIND 91 PO I YNANNY DN TIPS NN DNYY NIV NDWINN NNONN NN W OPMIYS D2IwnND
YN 2IWNNY VOAN DT Y MNP 2IWND TN I VIS DN PNPHNN VIPN DTN MMPDNS INPN YOO NINY VO
QN PMIPDI9 N NN DY 2N PTIND NPNIAN DDA NTOY R NN OMPNRN VIPN DTN MY DY )N
110000 yayTy DIPINON YYNY) DLW 1Y DN KD Y9OW DYMPNS DAY W 1OV M) NanT NN 1 NINOYY
0992 .99 PAND 1AV PRY NPYI PAND NN NPIIVON NN 1OV TPIIINN NIVNNY NN IDWNIVPRD L (DXTYN
L(TYNNA JPON DNYMY NPPNDN DNN) DY 1IN DY DPPTIN MY MMIPN9 DIPININ DY DPPIN

DIIDIN DPP T VIPO ORMNN VIS NINND V0P INPND WINH NPYA NN NNDLN NPHIPININA NPYIN 21
AT NNOND ;9N DONNY IV P NPT HP 9D0N NNONND NITO OV IIMNNN NNINNN NROND OWUND  .DNMon
YIDIN NPYA NP YN NPYAD  .D0PIVIN DV NN W DNY TN NIN IYAND VSN DMYSD .92 DNDPN
ONIND DY NINYY N DX (NITO DY NPIYOND MNNNN 2N ,DWND) DPIVAND DVYSN ININA “Dwann” 1IN oV
.NMNN RN NNNN NOYAN MINK NITONY ,5UNJ) N DTN

NONYO DNNNA 7252 “NH/)D” NN NIWNN NNYHI VOP INPNA .AYISN NPYI NIN NPHIPINON NPYL DY qON DD
9901 D»P OND ;NYPMND NN NNV OND ;YR NN D00 97 OND ,OVNY .00MDN DIPIVAIPD NNy VOPN ONN
DT, NN ONNY IR P2 7 NP DD TINND

VISXN NYYAS NANINN N2 MPOIY NPION NN MAT MITHN ,NYIDN NPYIL VIIN DY POMNN MOV H9)3
2ITNN NPVLINDIN NPNDON MPONNY PINK NPON NVIVI 2NID NN D0 JIND NVPIPN Y2IWN)

NIT0 NN NN YD AWURD L, DY QDIN NN L DY Y DY pNNIPNIVI WNNvno NN ,NYIon Nya May
DIPIMON NNDNI YYD 7772 DN DPOIY NIRY DVPPINN 9D YA9IR NNV X N¥ND NXIAP TINN DIV HY N0
DMK N92200 NI PNNPNIVNY TD ,0MNN DY NPINYD MAIATO MYNNNI TIDPY 0N 1IvID

YN PTHND DN Ny .3 TINN OIDN OY NPNDN MITON GOIN IMD X Hyn DN 93 QOIN NN NDY X2
YO0 Nyl

ONN YIAPY W w € XF 1D 1NYNA :INAN yan N0 Lo Oy NTNNY Ayv5nn nnya L nov Jnrna 8.2 191N
A~v NN L4 VYN NRNN DY w DY NI NN 070N A OX w 1PN YapHn A DPINORY N w ¢ LN w € L
9apn A ,w € L 955 or L novwn NXR $991n A~ 9N L“NY” 0990 DY 71Dy 1IN NN DYDN NI DN w N MY

a0 I AIMT A w ¢ L 555 w nx

NNV NONTO TN AYUND ,07YI0 OI90N DY MPNMINNN MITON DD NOY NNA L DYy 2WND IWIN NIV RONTD
DOW NN L7 MDY NPpTa (Mt NAIPNA PAONIN PON DN DPPDaM DYInN D INoN) [2,5,17] nbnn NN
NN BN PTI2 WTN 990N HAPNNY 0y 9511 ,0°19010Y DMK NN 12 ONNN DY TPNITO 12y DIINVOND ,w 1NYN2A

L997 Py ANy NN YYD MDA NAINKY NOY NNYY ANY DIPIDORD T KD ON DTN N1
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Jw[ma PPN 00 M DINOND SV NPIN I NPNDD
k 07p ON M99 NN A DPINON MO WP neovon nponn dv NNYNIN NROINN DTN DN D2m m

.0 (\w|’“) NN w Sy A DY AN w VP 9o 1o

LR yomv A omos onanoN 07 OX P nvoon npdnnd no»vw L navy NN 8.3 19130

NN MPNN NYIL ONNY) NYION NPYID JNOY MDA 159 1PN 1D 1IN M ONPA N2 NPOYY NYyan 55
N9 NP5 n5»v 20N OX DY TY NYRY NYION 17y Ny »N) P5 mo»w 1510 (4273 mnad noayw N nn»p

V-2 nois 55w 75 G2 99010 N0 G2 mvmn 59on ,(1Non XY IR 0N A 510w) G99 1n»Na 8.4 191N
NYNNN NMIX LYY NNX DY PPTA I YoM V-2 nmix 95w 72 Diyn NI MvDmn Hayn . NNX DYS PrTa 1 yam
DXYNN OPD NMIXD INYY 2dpnn

MAYD NN DWATN PIADINR DYN/NO00N NAY  AAPIR DHYN/NO0N DY T NN NPT INVIIN DIYN/NO0N DY NITHINN
JNN 0Y9 PrTa G onns D01 MaYD NN IYATN MMOVDMNN DIYN/SYoNn May ;nNN 0ys prT1a G mnvp Y52

NN DVTIN NMITA 090N 91D0N *Oya G 0NN XY 02970 95 Nav NN HL »mu>nnn 5150mn n»ya 8.5 1970
290N DY DY DINDN/DIMNON KO 097 Nay DHC-Y HC nxy pnvomn :i5on oy 0oanon 0993 May DHL

NONY NPNRY NN NHY NIYWNN ,TYNNA INDY 290 P-H novw (07 miny nvyan 9 i) HL ox 0yTy neyr ,mNd
VIV DPADR NN YD ¥ NNT BY .(DIVI MNP PNIN 1D OPPY PIDIND 20PN/210000 1YY PN T NND)
NN NN RNY MY DP ,iyan S¥ PN OOPMN DX OX 10D 2NOVINN NI PN 200NV H7aY 130 Op TNN

TPONNA NITIN PPTNNY T PT NIVN I NINON PINN

:DXNAN DONINN Y DDPPNN ON L Now XTHM A DION 8.6 A1
(w,7) VPN IR VAP AW DT EX* WP N w € L OX o
(w,m) VIPAI IR IMMT AT €X* 999 W w¢ L OX e

W NN T = [v1, V2, ..., V|7 T (G, ) VPN DR HAPNY DIPIMONR NPNY 91 A pnv>nnn 519onn nrya Ny
NUPNYY V72 o IR 770 NMIN DOV NNR DY PrTa Nvwaa wam v € V55w XTin ,nnwan Dy 12y A .0onns
09PN IR YA A 950 ©nann 55 R Nay T OR L1 < i < k930 ETY novv v, — vi4

PNVINN 9YON YY1 N G OX NN NOYY (G, ) VIPN NN AP A WX T HINVINN 990N YY1 9 NN G DX Ny
A o0 MPONN NN DDON NN T 1AV NIPN P NAYY 9 A DY DN 2 (G, ) vOP Y3 T A N
HC,DHL,DHC mawn nx NTNY 102 ;T 19x3a) HL nawn NN XTn

PN T NONYN NINYI DN PDIPDID AT DD, MW yian NITIN PONN DNAY OIPN PMoYY DX DN
951 A7W 75 D71 HY TIND NN NTTO VIV NPNY NN T “ANDN” X |(w, )72 Mmphia nend PN A ox 7na
MIPNY A D MY 30 DY L TINA MMIPDA NI D Om»pDa” avny it 2N w NPYTAY TIDM PN VN yNad
N92N2 NTRY PN T 92 IR NIPY N2 IR AW TY 7D Y3 1Ty TIND NN T DN, NIPN1a 0D 20 vy Jw|ta
NIIPY 90N A MY PONN DX P PRV T DR “I8PD” WaNY N D00t

:“PrTad P “N PNOND NIRNNN NPONNN DR PTIND N2 NYd

LN xTv [w]ma my9e A onandx 07p ox NP apbnnd no»w L navw mnnd 8.7 1910

N7NY onrnny “Nondeterministic” 89 X2 NP-aw N-n .Polynomial nonnn xin P.NP mponnn mnva P-n
AN T DTN PIDYI RO N NPONN DY ,INY MIVPN  NINN
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P =NP noxv 8.2

Yo P = NP oxn NONWN NN )NV DI0N KD ONX,070NNN AVNNN 2Y TN NPTOINND MMNAN MONXYIN NNNX
DXAVIN IUNI) NAY NN NIN XTI 03 A IMIN X NN Y100y A onndor 0y L € P ox :5p N0 0950 Dv TNN
MoNY MY WO P C NP % (9995 w Yy 2wnn R yxam 7-nn 09ynn v (w, 1) PN Syw ntdd vhy
LM>ya nyaond DY MmN MPYa NI NNV NaY Y5 ORN” NONYN N2 N wWar P = NP

DAY IOND I MRPPN NI9NNN MYY 117 Ownd .NoY npnm o0 P = NP ypnvn ovp Sv mynwnn 1o Sy
NNIND OX NI MANIIN NYTINN DR MIYAD DO VIVI) )NIIN NNIN PN NXIN ON T2 Op K nnan ynyna
NINY Spv amynwn P = NP 3195 (Tiayn 8D 1 v 1nav “nys TN 0p1” nnxnTd MAasn moww mm»p ;noavin
PYTA0 YPY PON) NIV MNY NPy YOV DY v mT NoHYN ION MOVY MAY (MONNN NN NAYY ,ImYD) NNan
W NNT OY (O D) Nt DONVIIAMP DNIMININI JNAND NN NNAYY TON YN DPNVYIMP DNIPINONI JNIND NN
N5 O (n'9090) yara Ayaons 93 O (n) 182 NITID MITPY 7PV ON ;IR PNV NI MYDYN DININ Yo
LToN 0298 NPAYD VP NVY Y RSN KOV

NPY PAON MPMP ,21IP2 IRNVY 295 P £ NP-vw N0 2unnn »yTna opoym mpoiyn 2992 NNNIN NNNNRD
DIVYRA MO 05N P = NP-v o ynn anx May Dy PInsy avnnn dyTn SY D39 0mnnn mnvm mny
NNN X MY Y DWINONR R8N RO TN TTINNND 2T Iynny mMaan nropaon mOwm YR Nrya MNad N1Hn
3m

MPovnY NN NWINNN P #£ NP-w 755 NN NXYNI 090,07 507 59 925 NININ 7YY G NN My
Baker-Gill- b¥ anxn HYwnb 1) 1 195 NIYO NN 2T 220N MPIN 1PN NPI0N NN DY MNPPN NPYVRNND
Nt NMDN DTN L(TIAYD MDD KD TYNNA DNV PIY NHNTI DINNL MOIPH MOWY NININ 1975 MWN Solovay
ANNY P NN TR MDY TIND O 71PIY ,N1N99 DY PINRD VOYNN NNNTI NPPONNNI MYP NPYA DY 199 NN PN
N9 DY NN MNYP PN ROV NP3 MNTPNN NPVNNN MPAOV NIty DIV 350

$“D WIPN 9T D Y NIN INA I D PNIYIY 290 MDD DN wnnny P = NP S 5pw mon

m™E X PN w € L nynav »mynag onamox o7p nMay A N1 L € NP naw 555 i P = NP ox 8.8 vawn
(w, ) NN Yapn A-w 1>

XA N2 NP2 oX OYNIY HL 09000 519000 oY May imynvna 19120 ,09VNn mynvn N yand nin Sy
MOVINN NYDN MY RINY OIIMON 0P ,G 1N»NaY N P = NP oY 9mIR 0avnn iR ,DTIP 1NV RTNINDN
D T RINNY IOV NI NNYINDND w NIAY “DI) PINS” RN T ONN MY 1OW NN Mmoo LG May

N2 oonnv Partial-HL ,nwTn Naw 1) 200900 51501 DY 209910 NIPNRn MY 0aVNn DR NMIND J10) TS
oya NN Y30 G OV NN Y531 72ww G2 50N 00 T G Ny MNONIN 51501 SV NoNNM G 9 DY Dt )N
91501 NPNY YT DXNNY PPODN 0N NIDNA KDY 1NNY NIN 9AN) G2 020N D1D0N DAPY ¥ T IMN TYNNY 110N, NNNX
ON .2100NN TYNN DR 219 NTIND MNAY 770 ,200M 973 DY 0t 1nrna »d> NP5 no»w m7aa win navn .0n0omnmn
Partial-HL € P-v o) P = NP-v 751 )2

2NN 5150100 NN DNNN SMPIY 1IN v € V' nmi¥ 9N2) 7D 1Ay v nn 5Yon My G 90 1nyna nyd
TYNND AWON D v BY DNNNY 0 Ya 0 Nt )0 oN Partial-HL-5 97w w3 925w 5)9onn oy 7 G DX 1712
Sy NP 959 NaYI 7O PYY DITAN V OW ANK TN INAY NAY) XD DX INVDNN DI190NY WY TY 13)3Y 1H0Nn DY
2NVPNN DDN NNNY v NI DY MRTIA YTIV IX G2 ON00N DIVDN PRY YTIV IN N iPYIVN 0P V r9ar Yo

TAN NAYI NINNIY DNNND PN 7 J9IND NN NAD NMIND DX D PO NN NONNNY J100NN NN NP2 NYd
ANON O Partial-HL-2 nmx »mn 219019 qonnn XNy INRD 0010 ION 917an ThN

Partial-HL-5 m>»w np>72 9915 Ty 95w 75,9010 935 01y [V] 300 DNN 532w nvxioN [V meaTd ik nxa
95N 702 "myds -

L ynyna :ancm .any »onmMo Moa ,prTa Np2don MK DY NDDIANNY ,0avnn SY nYY5N NNDINY NYd Na)
L' ={(w,n") | In" € Z* : A(w,n'7n"”) = True} novw 11 porns A XTI oy

A o (w, '7w”) by A axoym L ((w, 7)), 7)) vop Yy 15 Symow A” xTn nb o»p pv L' € NP

L' € P~w 52py P = NP-v nmnv ymon

H(w, ) IR YAPN AW o m € TF v w € L yn»nNav mmyna DIInoN Nyd 1N

OMN SV NP NATO NN NDMIN) T =€ DNNND .1
H(w, ) DR YAPN PN A Ty 95 .2

0 € X930 (N)
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